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We present a high statistics study of the light hadron spectrum and quark masses in QCD with two flavors
of dynamical quarks. Numerical simulations are carried out using the plaquette gauge action and the
O(a)-improved Wilson quark action at b55.2, where the lattice spacing is found to be a50.0887(11) fm
from the r meson mass, on a 203348 lattice. At each of five sea quark masses corresponding to mPS /mV
.0.8–0.6, we generate 12 000 trajectories using a symmetrically preconditioned Hybrid Monte Carlo algo-
rithm. Finite spatial volume effects are investigated employing 123348, 163348 lattices. We also perform a
set of simulations in quenched QCD with the same lattice actions at a similar lattice spacing to those for the
full QCD runs. In the meson sector we find clear evidence of sea quark effects. The J parameter increases for
lighter sea quark masses, and the full QCD meson masses are systematically closer to experiment than in
quenched QCD. Careful finite-size studies are made to ascertain that these are not due to finite-size effects.
Evidence of sea quark effects is less clear in the baryon sector due to larger finite-size effects. We also calculate
light quark masses and find mud
MS(2 GeV)53.223( 20.06910.046) MeV and msMS(2 GeV)584.5( 21.7112.0) MeV which are
about 20% smaller than in quenched QCD.
DOI: 10.1103/PhysRevD.68.054502 PACS number~s!: 11.15.Ha, 12.38.GcI. INTRODUCTION
Lattice QCD calculations of the light hadron mass spec-
trum have witnessed significant progress in recent years
@1–3#. In the quenched approximation in which quark
vacuum polarization effects are ignored, the CP-PACS Col-
laboration performed a precise calculation of hadron masses,
in which the estimated accuracy reached the level of a few
percent in the continuum limit @4#. They found that the
quenched spectrum shows a significant and systematic devia-
tion from experiment; the K*-K hyperfine splitting is smaller
by about 10% than experiment. The decuplet baryon mass
splittings are also small, and the octet baryon masses are
themselves smaller than experiment.
Since this work, the focus of efforts has shifted toward
full QCD simulations including the vacuum polarization ef-
fects of dynamical quarks. A number of simulations now
exist, pursued by the SESAM-TxL @5–7#, UKQCD @8,9#,
CP-PACS @10,11#, and QCDSF-UKQCD @12# Collaborations
for two flavors using the Wilson-type quark action and by the
MILC Collaboration @13,14# for two and three flavors using
the Kogut-Susskind ~KS! quark action. In particular the CP-
PACS calculation @10,11# made a first attempt toward execu-
tion of chiral and continuum extrapolations within the single
set of simulations, as pioneered by the GF11 Collaboration
*Present address: KPMG Consulting AG, Badenerstrasse 172,
8804 Zurich, Switzerland.0556-2821/2003/68~5!/054502~44!/$20.00 68 0545@15# in their quenched spectrum study. The chief finding of
this work was that the K*-K hyperfine splitting agrees much
better with experiment in two-flavor full QCD than in
quenched QCD and that light quark masses decrease by
about 25% by the inclusion of dynamical u and d quarks.
A subtle point with the CP-PACS results is that the dy-
namical sea quark effects become manifest only after the
continuum extrapolation. Further studies are required to con-
solidate the effects of dynamical sea quarks. The CP-PACS
simulation used a renormalization-group- ~RG-! improved
gauge action @16#, but the O(a)-improved Wilson quark ac-
tion @17# with only a tadpole-improved @18# clover coeffi-
cient. This leaves a scaling violation of O(g2a). The use of
the non-perturbatively determined clover coefficient remov-
ing all O(a) errors should be much better to control the
continuum extrapolation @19#. Studies along this direction
were previously carried out by the UKQCD and QCDSF
Collaborations using the plaquette gauge action. However,
sea quark effects are not clear in their results of hadron
masses, albeit encouraging evidence is seen in the static
quark potential @9,12#.
In the present work, we explore sea quark effects in had-
ron and quark masses in two-flavor QCD using the plaquette
gauge action and the non-perturbatively O(a)-improved Wil-
son quark action. Our simulations are performed at a single
lattice spacing a21.2 GeV at b55.2 using a 203348 lat-
tice. We also carry out calculations in quenched QCD with
the same action and similar simulation parameters to those in
full QCD in order to make a direct comparison between full©2003 The American Physical Society02-1
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have been reported in Refs. @20–23#.
We pay particular attention to two points which are im-
portant for an unambiguous identification of sea quark ef-
fects. One is the finite-spatial-volume effect whose magni-
tude is believed to be more pronounced in full QCD
simulations than in quenched QCD @24#. An increase of had-
ron masses due to this effect could mimic sea quark effects.
There are only a few studies of finite-size effects in full QCD
for the Wilson-type quark action @6,8#. This leads us to per-
form a systematic investigation of finite-size effects employ-
ing 123348, 163348, and 203348 lattices.
Another point is the chiral extrapolation. With currently
available computer power and simulation algorithms, the sea
quark mass which can be explored with the Wilson-type
quark action is limited to values corresponding to
mPS,sea /mV,sea*0.6. The long extrapolation to the physical u
and d quark masses may involve sizable systematic errors,
potentially blurring, or artificially enhancing, sea quark ef-
fects. This can be avoided if one examines sea quark effects
at the quark masses actually simulated. In this study, there-
fore, sea quark effects are examined in detail not only at the
physical quark mass but also at our simulation points.
We have also made efforts to accumulate the high statis-
tics of 12 000 trajectories each at five values of the sea quark
masses. Our implementation of the symmetric precondition-
ing of the lattice clover-Dirac operator @25,26# speeded up
configuration generation by a factor of 2 by allowing a dou-
bly larger step size over the even-odd preconditioning.
This paper is organized as follows. We describe the details
of the configuration generation in full and quenched QCD in
Sec. II. The method of measurement of the hadron masses
and the static quark potential is explained in Sec. III. Finite-
size effects on hadron masses are discussed in Sec. IV. Sec-
tion V is devoted to a detailed description of the chiral ex-
trapolation of our hadron mass data. We examine sea quark
effects in light hadron masses in Sec. VI. The results of the
decay constants and quark masses are presented in Secs. VII
and VIII. Our conclusion is given in Sec. IX.
II. SIMULATION METHOD
A. Simulation parameters and algorithm
We carry out numerical simulations of lattice QCD with
two flavors of degenerate dynamical quarks which are iden-
tified with up and down quarks. We use the standard
plaquette action for gauge fields defined by
Sg5
b
6 (x ,mn Tr Ux ,mn , ~1!
where Ux ,mn is the product of gauge link variables Ux ,m
around the plaquette given by




The O(a)-improved Wilson action @17#, defined by05450Sq5(
x ,y





† dx ,y1mˆ %2
1
2 KcSWsmnFx ,mndxy , ~4!
is used for the quark part. The field strength tensor on the
lattice is defined by
Fx ,mn5
1
8i $~Ux ,mn1Ux ,2mn1Ux ,2m2n1Ux ,m2n!2~H.c.!%,
~5!
where ~H.c.! denotes the Hermitian conjugate of the preced-
ing pair of brackets, and smn5(i/2)@gm ,gn# . The clover co-
efficient cSW is set to the non-perturbative value determined
by the ALPHA Collaboration @27#.
Our simulations are performed at a single value of b
55.2. The lattice spacing fixed from mr at the physical sea
quark mass is found to be 0.0887~11! fm. Our value of b is
slightly off the range b512.0–5.4 where the ALPHA Col-
laboration carried out a non-perturbative determination of
cSW . We set cSW52.02 by extrapolating their parametriza-
tion formula of the non-perturbative cSW as a function of the
bare coupling. We performed an independent non-
perturbative determination of cSW at b55.2 and confirmed
that our preliminary result cSW51.98(7) is consistent with
2.02 within the error @28#.
We employ three lattice sizes that differ in spatial vol-
umes, Ns
33Nt5123348, 163348, and 203348. The hadron
spectrum and quark masses at the physical point are calcu-
lated using the data on the largest lattice. The data on the two
smaller lattices are used to investigate finite-size effects on
hadron masses.
On each lattice size, we adopt five values of the sea quark
mass corresponding to the hopping parameter Ksea
50.1340, 0.1343, 0.1346, 0.1350, and 0.1355. This choice
covers mPS,sea /mV,sea50.6–0.8 and enables us to extrapolate
our data to the physical sea quark mass. These simulation
parameters are summarized in Table I.
We note that the UKQCD Collaboration also performed a
set of simulations using the same lattice action at a21
.2 GeV @9#. There are, however, some differences in the
choice of b and Ksea : The UKQCD simulations shift b with
the sea quark mass, keeping the Sommer scale r0 /a @29#
fixed, while our simulations are performed at fixed b . An-
other difference is the range of the sea quark mass covered in
the two simulations. We explore light sea quark masses down
to mPS,sea /mV,sea.0.6, while UKQCD’s lightest point is
around mPS,sea /mV,sea.0.7. Although the UKQCD Collabo-
ration made another simulation at a smaller sea quark mass
mPS,sea /mV,sea.0.6 at a spatial extent of Ns516 (Nsa
.1.6 fm), finite-size effects seem to be significant there ~see
discussion in Sec. IV!.2-2
LIGHT HADRON SPECTROSCOPY WITH TWO FLAVORS . . . PHYSICAL REVIEW D 68, 054502 ~2003!TABLE I. Run parameters in simulations of two-flavor QCD. The step size Dt is given by the inverse of
the number of the molecular dynamics steps ~NMD!. We denote the tolerance parameter in the stopping
condition for the quark matrix inversion in calculations of the force and Hamiltonian by D f and DH ,
respectively. The CPU time required per trajectory on the full machine is written in units of minutes. The
number of measurements is denoted by Nmeas and the number of exceptional configurations is written in
brackets.
123348, A-HMC
Ksea 0.1340 0.1343 0.1346 0.1350 0.1355
NMD 68 72 80 110 175
accept. 0.667~8! 0.667~10! 0.668~10! 0.772~6! 0.799~9!
D f 1028 1028 1028 1028 1028
DH 10214 10214 10214 10214 10214
N inv 64.1~2! 74.5~2! 88.6~3! 117.6~5! 203.0~1.0!
time/traj 0.291 0.351 0.465 0.829 2.20
N traj 3000 3000 3000 3000 3000
Nmeas 300~2! 300~0! 300~1! 300~2! 300~7!
mPS /mV 0.792~15! 0.753~18! 0.749~14! 0.705~24! 0.608~63!
163348, HMC
Ksea 0.1340 0.1343 0.1346 0.1350 0.1355
NMD 160 160 200 200 320
accept. 0.799~8! 0.744~10! 0.804~10! 0.702~9! 0.688~10!
D f 10218 10218 10218 10218 10218
DH 10220 10220 10220 10220 10220
N inv 105.9~2! 124.0~2! 148.0~5! 203.0~7! 362.2~1.9!
time/traj 1.92 2.21 3.86 5.25 14.7
N traj 3000 3000 3000 3000 3000
Nmeas 300~1! 300~0! 300~0! 300~3! 300~0!
mPS /mV 0.802~5! 0.779~12! 0.752~8! 0.707~13! 0.586~21!
203348, A-HMC
Ksea 0.1340 0.1343 0.1346 0.1350 0.1355
NMD 100 100 115 135 250
accept. 0.673~7! 0.627~8! 0.670~8! 0.663~9! 0.755~8!
D f 1028 1028 1028 1028 1028
DH 10214 10214 10214 10214 10214
N inv 64.3~1! 74.4~1! 88.2~2! 118.2~2! 214.9~8!
time/traj 1.57 1.79 2.44 3.75 12.5
N traj 3000 3000 3000 3000 3000
Nmeas 300~2! 300~0! 300~1! 300~0! 300~0!
mPS /mV 0.802~5! 0.773~5! 0.745~18! 0.705~5! 0.586~8!
203348, S-HMC
Ksea 0.1340 0.1343 0.1346 0.1350 0.1355
NMD 80 100 100 100 160
accept. 0.676~5! 0.771~5! 0.749~4! 0.666~6! 0.678~7!
D f 1028 1028 1028 1028 1028
DH 10214 10214 10214 10214 10214
N inv 69.3~1! 81.0~1! 96.9~1! 131.5~2! 243.6~5!
time/traj 1.08 1.53 1.78 2.35 6.64
N traj 9000 9000 9000 9000 9000
Nmeas 900~4! 900~2! 900~6! 900~10! 900~7!
mPS /mV 0.799~1! 0.779~1! 0.753~2! 0.709~2! 0.600~4!054502-3
AOKI et al. PHYSICAL REVIEW D 68, 054502 ~2003!FIG. 1. Effective mass of the PS meson at Ksea5Kval50.1340 ~left figure! and 0.1355 ~right figure! on 203348 in full QCD. We use the
local sink operator for all data.
FIG. 2. Effective mass of the vector meson at Ksea5Kval50.1340 ~left figure! and 0.1355 ~right figure! on 203348 in full QCD. We use
the local sink operator for all data.
FIG. 3. Effective mass of the octet baryon at Ksea5Kval50.1340 ~left figure! and 0.1355 ~right figure! on 203348 in full QCD. We use
the local sink operator for all data.054502-4
LIGHT HADRON SPECTROSCOPY WITH TWO FLAVORS . . . PHYSICAL REVIEW D 68, 054502 ~2003!FIG. 4. Effective mass of the decuplet baryon at Ksea5Kval50.1340 ~left figure! and 0.1355 ~right figure! on 203348 in full QCD. We
use the local sink operator for all data.Gauge configurations are generated using the Hybrid
Monte Carlo ~HMC! algorithm @30,31#. We use simulation
programs with three variants of HMC for the O(a)-improved
Wilson action:
~i! HMC with the even-odd preconditioning @32# only for
the inversion of the quark matrix Dxy . This algorithm is used
in the simulations on the 163348 lattice.
~ii! HMC with the asymmetric preconditioning for the lat-
tice action ~A-HMC! @25,26,33#. Whole simulations on the
123348 lattice are performed with this algorithm.
~iii! HMC with the symmetric preconditioning for the ac-
tion ~S-HMC! @25,26#, which shows the best performance
among the three algorithms.
Our main simulation on the 203348 lattices is initially
started with the A-HMC algorithm, but is later switched to
the S-HMC to speed up the calculations. The trajectory
length in each HMC step is fixed to the unit length. We use
the conventional leapfrog integration scheme for the molecu-
lar dynamics equation. The step size Dt is chosen to achieve
an acceptance of 60–80 %.
The even-odd preconditioned BICGSTAB algorithm @34# is
used for the quark matrix inversion to solve the equation05450DxyGy5Bx . We take the stopping condition of the form
uuDG2Buu,D in the HMC program. A modified form
uuDG2Buu/uuBuu,D is used in the A-HMC and S-HMC pro-
grams. The value of D in the evaluation of the fermionic
force is determined so that the reversibility over unit length
is satisfied to a relative level better than 10213 for the Hamil-
tonian. We use a stricter stopping condition in the calculation
of the Hamiltonian in the Metropolis accept-reject test. Table
I shows our choice of D together with the average number of
the BICGSTAB iteration in the quark matrix inversion for the
force calculation, N inv .
We accumulate 12 000 HMC trajectories at each sea quark
mass on the 203348 lattice. The statistics on smaller lattices
are 3000 trajectories. Measurements of light hadron masses
and the static quark potential are carried out at every 10
HMC trajectories. Details of the measurement method will
be described in the next section.
All simulations are performed on the parallel computer
HITACHI SR8000 model F1 installed at KEK. This machine
consists of 100 nodes and has a peak speed of 1.2 TFLOPS
and 448 GB of main memory in total. The CPU time needed
per unit HMC trajectory on the full machine is listed in TableFIG. 5. Double-exponential fits to the PS meson ~left figure! and octet baryon ~right figure! masses at Ksea50.1355. The right panel in
each figure shows the fitted masses determined from double-exponential ~open symbol! and single-exponential ~filled symbol! fits. The local
sink operator is used for all data.2-5
AOKI et al. PHYSICAL REVIEW D 68, 054502 ~2003!FIG. 6. Effective potential energies Veff(r ,t) as a function of temporal separation t at Ksea50.1350 on 203348.I. The total time for configuration generation on each lattice
size is 8.6 days on 123348, 58 days on 163348, and 130
days on 203348 lattices. An additional 100 days are spent
for the measurement of the hadron masses and the static
potential.
B. Simulation in quenched QCD
While many calculations of the hadron spectrum have
been performed in quenched QCD, comparisons between our
full QCD results and quenched results from other simula-
tions may be subject to systematic uncertainties due to the
difference in the simulation details. We therefore carry out a
set of quenched calculations of the hadron spectrum using
the same lattice actions and simulation parameters as those
for full QCD runs.
Our simulations are performed at b56.0, where the lat-
tice spacing fixed from mr equals 0.1074~14! fm. We take
cSW51.769 which is the value determined non-
perturbatively by the ALPHA Collaboration @35#. Three lat-
tice sizes 123348, 163348, and 203348 are employed in
order to investigate finite-size effects.
Gauge configurations are generated with a combination of
the heat-bath and over-relaxation algorithms. We call four
heat-bath sweeps with a succeeding over-relaxation step an
iteration. We accumulate statistics of 60 000 iterations on05450each lattice size. Hadron masses and the static potential are
calculated at every 200 iterations.
III. MEASUREMENT
A. Hadron masses
In measurements in full QCD, we use six values of the
valence quark mass corresponding to the hopping parameter
Kval,i (i51, . . . ,6)50.1340, 0.1343, 0.1346, 0.1350,
0.1355, and 0.1358, which cover the range of mPS,val /mV,val
.0.5–0.8. At each sea quark mass, therefore, there is one
value of Kval,i which equals Ksea and is identified as the light
quark mass. Other five values of Kval,i correspond to the
mass of strange quarks treated in the quenched approxima-
tion. In the following, we use the abbreviation ‘‘diagonal
data’’ to represent hadron correlators or masses with a quark
mass combination in which all valence quark masses are
equal to the sea quark mass.
We employ meson operators defined by
M ~x !5q¯ x
( f )Gqx
(g)
, G5I ,g5 ,gm ,g5gm , ~6!
where f and g are flavor indices and x is the coordinates on
the lattice. Meson correlators ^M (x)M (0)†& are calculated
for the following 11 combinations of valence quark masses:FIG. 7. Static quark potential on 203348. Left and right figures show data at Ksea50.1340 and 0.1355, respectively.2-6
LIGHT HADRON SPECTROSCOPY WITH TWO FLAVORS . . . PHYSICAL REVIEW D 68, 054502 ~2003!FIG. 8. Sommer scale on 203348 as a function of rmin . Left and right figures show data at Ksea50.1340 and 0.1355.~Kval,i ,Kval,i! ~ i51, . . . ,6!,
~Ksea ,Kval,i! ~ i51, . . . ,6,KseaÞKval,i!. ~7!
The former is identified with a degenerate light or strange
meson and the latter with a non-degenerate light-strange me-
son. This choice of valence quark masses enables us to cal-
culate the full spectrum of strange and non-strange mesons.
For baryons, we use the same operators as those em-
ployed in Ref. @11#. Namely, the octet baryon operator is
defined as




, ~8!05450where a ,b ,c are color indices and C5g4g2 is the charge
conjugation matrix. We measure baryon correlators with two








~O [ f h]g2O [gh] f22O [ f g]h!, ~10!
where O [ f g]h5O f gh2Og f h. Decuplet baryon correlators are
calculated using an operator defined byTABLE II. Parameters in Eq. ~19! and r0 in full QCD. The first error is statistical. The second and third ones are the systematic error due
to the choice of tmin and rmin .
123348
Ksea V0 a gc s r0
0.1340 0.549~19!~71!~37! 0.301~13!~19!~21! 0.76~5!~24!~12! 0.0922~19!~30!~16! 3.826~24!~35!~27!
0.1343 0.552~14!~43!~47! 0.288~9!~32!~44! 0.74~5!~8!~11! 0.0838~10!~49!~36! 4.031~15!~76!~33!
0.1346 0.568~14!~23!~34! 0.288~10!~16!~64! 0.67~4!~5!~8! 0.0772~15!~18!~32! 4.200~29!~23!~42!
0.1350 0.603~10!~17!~13! 0.296~8!~7!~19! 0.57~3!~7!~4! 0.0675~11!~14!~14! 4.481~27!~59!~17!
0.1355 0.658~10!~14!~29! 0.333~7!~24!~21! 0.47~3!~1!~7! 0.0514~11!~25!~25! 5.059~45!~80!~77!
163348
Ksea V0 a gc s r0
0.1340 0.567~9!~18!~60! 0.268~8!~3!~45! 0.82~3!~9!~19! 0.0919~10!~7!~44! 3.880~14!~11!~31!
0.1343 0.597~9!~5!~47! 0.288~8!~13!~38! 0.75~3!~2!~14! 0.0811~10!~18!~36! 4.098~16!~25!~34!
0.1346 0.612~7!~23!~35! 0.296~6!~21!~25! 0.71~3!~5!~12! 0.0737~8!~28!~22! 4.287~19!~49!~24!
0.1350 0.644~9!~8!~20! 0.317~7!~5!~17! 0.62~3!~7!~10! 0.0624~8!~9!~15! 4.621~21!~25!~26!
0.1355 0.667~7!~10!~22! 0.331~5!~17!~18! 0.57~3!~1!~13! 0.0515~6!~18!~10! 5.059~23!~59!~32!
203348
Ksea V0 a gc s r0
0.1340 0.626~3!~12!~38! 0.302~3!~10!~27! 0.79~1!~3!~16! 0.0866~4!~17!~25! 3.946~5!~24!~17!
0.1343 0.631~3!~3!~39! 0.303~3!~1!~28! 0.77~1!~1!~17! 0.0785~3!~6!~25! 4.143~6!~16!~23!
0.1346 0.643~2!~21!~33! 0.304~2!~15!~26! 0.71~1!~7!~13! 0.0716~3!~22!~21! 4.336~6!~43!~24!
0.1350 0.662~2!~4!~20! 0.312~2!~6!~16! 0.64~1!~1!~9! 0.0623~2!~16!~13! 4.635~7!~49!~20!
0.1355 0.687~2!~6!~16! 0.330~2!~8!~17! 0.56~1!~1!~12! 0.0509~2!~18!~13! 5.092~8!~76!~33!2-7
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Lattice V0 a gc s r0
123348 0.568~7!~17!~10! 0.276~5!~8!~13! 0.318~21!~36!~42! 0.0519~6!~17!~10! 5.149~24!~72!~22!
163348 0.592~4!~12!~4! 0.278~3!~9!~11! 0.324~15!~29!~27! 0.0497~4!~11!~2! 5.255~15!~42!~15!





with symmetrized flavor structure
O f f f ,
1
A3
~D f f g1D f g f1Dg f f !,
1
A6
~D f gh1Dh f g1Dgh f1D f hg1Dg f h1Dhg f !. ~12!
We take quark mass combinations of (Kval,i ,Kval,i ,Kval,i)(i
51, . . . ,6), (Ksea ,Kval,i ,Kval,i), and (Ksea ,Ksea ,Kval,i) (i
51, . . . ,6,KseaÞKval,i) for the baryon correlators.
In order to construct the smeared hadron operators, we









where P is the PS meson operator, Eq. ~6!, with G5g5 and t
fixed to 12. The measurement is performed at each sea quark
mass and lattice size using a subset of gauge configurations
~30 configurations every 100 trajectories!. We parametrize
f(r) using a polynomial approximation f(r)51
1(n51,8cnurun and use it as the smearing function. We em-
ploy three types of meson operator: ~i! local operator, ~ii!
smeared operator M (x)5(rf(r)q¯ (x,t)Gq(x1r,t), and ~iii!
TABLE IV. Autocorrelation time for the plaquette (tplaqcum), PS
meson propagator (tPScum), and Wilson loop (tWcum) for A-HMC and
S-HMC simulations. All numbers are written in units of the HMC
trajectory.
Ksea 0.1340 0.1343 0.1346 0.1350 0.1355
A-HMC
tplaq
cum 11.4~1.5! 35.4~9.8! 21.9~4.7! 10.3~2.4! 13.6~2.2!
tPS
cum 13.7~2.6! 13.5~3.1! 17.6~4.3! 7.7~0.9! 8.5~3.1!
tW
cum 5.0~0.4! 5.9~0.8! 5.9~1.1! 4.6~0.7! 6.2~0.9!
S-HMC
Ksea 0.1340 0.1343 0.1346 0.1350 0.1355
tplaq
cum 32.6~6.1! 30.7~4.8! 20.0~3.1! 18.9~2.7! 12.0~1.3!
tPS
cum 16.4~2.0! 16.1~2.2! 13.8~2.0! 14.6~6.2! 10.4~1.3!
tW
cum 6.3~2.5! 4.9~0.5! 5.1~0.3! 5.2~0.5! 5.2~0.3!05450doubly smeared operator M (x)5(r,r8f(r)f(r8)q¯ (x
1r,t)Gq(x1r8,t). Additionally, we use the ‘‘triply smeared
operator’’
O f gh~x !5 (
r1 ,r2 ,r3
f~r1!f~r2!f~r3!
3eabc@qaT~x1r1 ,t !CGqb~x1r2 ,t !#qc~x1r3 ,t !
~14!
for baryons. Hadron correlators are measured with ~a! point
source and sink operators, ~b! smeared source and point sink,
and ~c! smeared source and sink operators. We fix configu-
rations to the Coulomb gauge, since ~b! and ~c! are not gauge
invariant.
We observe that, when valence quarks are lighter than sea
quarks, the hadron correlator takes an exceptionally large
value on a small number of configurations. This might be
caused by a fluctuation of the lowest eigenvalue of the Dirac
operator of the O(a)-improved Wilson action. If the PS me-
son correlator on the ith gauge configuration takes a value
larger than 20 times the statistical average, which is evalu-
ated without that configuration, at a certain time slice




^P~x !P~0 !†&k , ~15!
where Nconf is the total number of configurations, we con-
sider it as an exceptional configuration and remove it from
the following analysis. The number of the removed configu-
rations is given in Table I.
In order to reduce the statistical fluctuation of hadron cor-
relators on the 203348 lattice, we repeat the measurement
for two choices of the location of the hadron source, tsrc
51 and Nt/211 (525), and take the average over the two
sources:
1
2 @^M ~ tsrc1t !M ~ tsrc!
†& tsrc511^M ~ tsrc1t !M ~ tsrc!
†& tsrc525# .
~16!
We find that this procedure reduces the statistical error of
hadron correlators by typically 20%, which suggests that the
statistics is increased effectively by a factor of 1.5. For fur-
ther reduction of the statistical fluctuation, we take the aver-
age over three polarization states for vector mesons, two spin
states for octet baryons, and four spin states for decuplet
baryons.
Figures 1–4 show examples of effective mass plots. We
find that the best plateau of the effective mass is obtained2-8
LIGHT HADRON SPECTROSCOPY WITH TWO FLAVORS . . . PHYSICAL REVIEW D 68, 054502 ~2003!FIG. 9. Bin size dependence of the jackknife error of hadron masses on 203348 in full QCD.from hadron correlators with the point sink and the doubly
smeared source for mesons and the triply smeared one for
baryons. Therefore, hadron masses are extracted from these
types of correlators.
We carry out x2 fits to hadron correlators by taking ac-
count of correlations among different time slices. A single-
FIG. 10. Bin size dependence of the jackknife error of the static
potential at r55 on 203348 in full QCD.05450hyperbolic-cosine form is assumed for mesons and a single-
exponential form for baryons. The lower cut of the fit range
tmin is determined by inspecting stability of the fitted mass.
The upper cut (tmax) dependence of the fit results is small
and, therefore, we fix tmax to Nt/2 for all hadrons. Our choice
of fit ranges and resulting hadron masses are summarized in
Tables XXIX–XXXIV in the Appendix. Statistical errors of
hadron masses are estimated with the jack-knife procedure.
We adopt the bin size of 100 trajectories by inspecting the
bin size dependence of the jackknife error as discussed in
Sec. III C.
In Fig. 5, we test double-exponential fits to extract hadron
masses at Ksea5Kval50.1355. While these fits are unstable
and lead to a large error for the mass of the first excited state,
the result for the ground state mass is consistent with that
from the single exponential fit. The situation is similar at
other sea and valence quark masses. This suggests that the
hadron masses in Tables XXIX–XXXIV and the light hadron
spectrum calculated from these results have small contami-
nation from excited states.
Hadron correlators in quenched QCD are calculated in an
analogous manner. We use six values of Kval , 0.13260,
0.13290, 0.13331, 0.13384, 0.13432, and 0.13465, corre-2-9
AOKI et al. PHYSICAL REVIEW D 68, 054502 ~2003!FIG. 11. Bin size dependence of the jackknife error of meson ~left figures! and baryon ~right figures! masses with Kval50.13432, which
corresponds to mPS,val /mV,val.0.6, on 203348 in quenched QCD.sponding to mPS,val /mV,val.0.50–0.80 and the hadron opera-
tors and smearing procedure same as those in the full QCD
study. A difference is that we can take more combinations of
valence quark masses than in full QCD, since any value of
the six valence quark masses can be identified with either
light or strange quark mass. We take all combinations
(Kval,i ,Kval, j) (i , j51, . . . ,6) for mesons and somewhat re-
stricted choices (Kval,i ,Kval,i ,Kval, j)(i , j51, . . . ,6) for bary-
ons. Statistical errors are estimated with the jackknife proce-
dure with bin size of 200 iterations. The exceptional
configurations are discarded with the same criterion as de-
fined in Eq. ~15!. Results of hadron masses are collected in
Tables XXXV–XL in the Appendix.
B. Static quark potential
We calculate the static quark potential in order to deter-
mine the Sommer scale @29# which we use in our analysis of
hadron masses. For this purpose, the temporal Wilson loops
W(r ,t) up to t516 and r5(A3Ns/2) are measured both in
full and quenched QCD simulations. We apply the smearing
procedure of Ref. @36# up to 12 steps and the measurements
are carried out every 4 steps.
The static quark potential V(r) is determined from the
correlated fit of the form
W~r ,t !5C~r !exp@2V~r !t# . ~17!
We take the fit range @ tmin ,tmax#5@3,7# in all simulations in
full and quenched QCD by inspecting the t dependence of
the effective potential
FIG. 12. Bin size dependence of the jackknife error of the static
potential at r55 on 203348 in quenched QCD.054502Veff~r ,t !5ln@W~r ,t !/W~r ,t11 !# . ~18!
Examples of Veff are plotted in Fig. 6. For each r, the number
of smearing steps is fixed to its optimum value at which the
overlap to the ground state C(r) takes the largest value.
As shown in Fig. 7, we do not observe any clear indica-






where dV(r) is the lattice correction to the Coulomb term
calculated perturbatively from the one-lattice-gluon-
exchange diagram @37#
















is then determined from the parametrization of the corrected
potential V(r)2dV(r):
r05A1.652as . ~23!
The lower cut of the fit range in Eq. ~19!, rmin , is determined
by inspecting the rmin dependence of r0. We observe that r0
is relatively stable for rminP@A2,2A2# as shown in Fig. 8.
With rmin,A2, x2/NDF takes an unacceptably large value
due to the violation of rotational symmetry, while a becomes-10
LIGHT HADRON SPECTROSCOPY WITH TWO FLAVORS . . . PHYSICAL REVIEW D 68, 054502 ~2003!FIG. 13. Diagonal data of PS ~left figure! and vector meson ~right figure! masses as a function of 203/V . Meson masses in the infinite
volume limit at Ksea50.1340 and 0.1350 are determined by the constant fit to data on two larger volumes, while we assume the linear
dependence, Eq. ~27!, at Ksea50.1355. We also plot the prediction from the analytic formula @38# for the PS meson mass at the lightest sea
quark mass by the long dashed line.
FIG. 14. Diagonal data of octet ~left figure! and decuplet baryon ~right figure! masses as a function of 203/V .
FIG. 15. Volume size dependence of meson ~left figure! and baryon ~right figure! masses at Kval50.13432 in quenched simulations.054502-11
AOKI et al. PHYSICAL REVIEW D 68, 054502 ~2003!FIG. 16. Valence quark mass dependence of the relative difference between hadron masses measured on 163 and 203 lattices. Left and
right figures show data for the PS meson and the octet baryon, respectively. We define Kval,ave by 1/Kval,ave5(1/Kval,111/Kval,2)/2 for meson
masses m(Ksea ;Kval,1 ,Kval,2) and 1/Kval,ave5(1/Kval,111/Kval,211/Kval,3)/3 for baryon masses m(Ksea ;Kval,1 ,Kval,2 ,Kval,3).
FIG. 17. Vector meson ~left figure! and decuplet baryon ~right figure! masses at Ksea50.1355 on three spatial volumes as a function of
PS meson mass squared. The linear fit curve to each data set is shown as a guide for the eyes.
FIG. 18. Relative size of the FSEs for meson ~left figure! and baryon ~right figure! masses at Ksea50.1355 on 203348. Dot-dashed and
dashed lines show the location where Kval,ave5Ksea and 0.1350, respectively. The latter roughly corresponds to the strange quark mass.054502-12
LIGHT HADRON SPECTROSCOPY WITH TWO FLAVORS . . . PHYSICAL REVIEW D 68, 054502 ~2003!ill determined with rmin.2A2. We therefore take rmin
5A5. While the rmax dependence of r0 is rather mild, the
covariance matrix becomes ill determined with rmax greater
than 9A2 on 203348, 7A2 on 163348, and 6A2 on 123
348. We therefore fix rmax to these values.
We repeat the fits, Eqs. ~17! and ~19!, with other choices
of the range: tmin54 or rminP@A2,2A2# . The largest devia-
tions in the fit parameters and r0 are included in their sys-
tematic errors. Other systematic errors due to the choice of
tmax , the optimum number of the smearing step, and rmax are
small and ignored. Fit parameters in Eq. ~19! and r0 are
summarized in Table II for full QCD and in Table III for
quenched QCD.
C. Autocorrelation
The autocorrelation in our full QCD data is studied by
calculating the cumulative autocorrelation time
FIG. 19. Magnitude of the FSEs on octet baryon mass at Ksea
50.1355 as a function of spatial linear extent in lattice units.
Circles are results for diagonal data, while squares represent those
at Kval50.1350.
FIG. 20. Test of the logarithmic singularity in the quark mass
dependence of the PS meson mass. We use the quark mass defined
through the axial vector Ward identity in this plot. Solid and dashed
lines are fit curves of Eq. ~29! assuming f to be a free parameter or
fixed to the experimental value.054502TABLE V. Parameters of diagonal fits to PS meson masses in
method A. We put ‘‘–’’ in some columns in this and the following





0.01 0.136026~11! 25.97~63! 4.5~2.4! –
0.01 0.136025~43! 26.0~4.0! 4~31! 2~72!







0.06 1.867~36! 0.248~17! 20.0083~19! –
0.04 1.90~10! 0.224~81! 20.002~21! 20.0005~17!
FIG. 21. Comparison of quadratic and cubic diagonal fits in
method A.
FIG. 22. Combined chiral extrapolation of PS meson masses in
terms of the VWI quark mass.-13








0.33 0.1360187~95! 9.64~51! 16.694~93! 7.5~1.8! 2.39~13! 26.68~41! –











GO~Dt !5^~O~ t !2^O&!~O~ t1Dt !2^O&!&, ~26!
and we take Dtmax5200.
In Table IV, we summarize tO
cum in the A-HMC and
S-HMC simulations on the 203348 lattices for three quanti-
ties: ~i! the plaquette which is measured at every trajectory,
~ii! the PS meson propagator at t512, and ~iii! the temporal
Wilson loop with (r ,t)5(5,4). The results do not show any
systematic differences in tO
cum between the A-HMC and
S-HMC runs. The plaquette shows the largest autocorrelation
with tplaq
cum510–30, which is similar to those found in the
UKQCD simulation @9# using the same lattice action and
similar simulation parameters. We obtain smaller values of
tO
cum for the other two quantities. This is contrary to a naive
expectation that these long-distance observables have a
longer autocorrelation than the local quantity like the
plaquette. This suggests that the size of noise arising from
short correlation modes is larger than that of the longest
mode in these observables and our statistics are not sufficient
to extract tO
cum of the longest but weak mode.
The statistical error including the effect of autocorrelation
is given by A2tOcum times the naive error. Therefore, the
above observation tells us that the bin size in the jackknife
procedure of 60 HMC trajectories or larger is a safe choice to
take account of the autocorrelation in our data.
The bin size dependence of the jackknife error of hadron
masses and the static potential is plotted in Figs. 9 and 10.
We use errors obtained from uncorrelated fits because, with
large bin sizes, the number of bins would not be sufficiently
large to determine the covariance matrix reliably. For both
hadron masses and the static potential, the jackknife error
reaches its plateau at bin size of 50–100 trajectories, which
is roughly consistent with the above estimate from tO
cum
. The054502situation is similar on smaller volumes 163348 and 123
348. We therefore take the bin size of 100 trajectories in the
error analysis in full QCD.
We also investigate the bin size dependence of the jack-
knife error in quenched QCD. As shown in Figs. 11 and 12,
the bin size of 200 iterations is reasonable.
Another point of interest is the sea quark mass depen-
dence of the autocorrelation. A natural expectation is that
smaller sea quark mass leads to a larger correlation length
and hence a longer autocorrelation. This expectation is sup-
ported by the CP-PACS observation in Ref. @11#, where they
used the RG-improved gauge and clover quark actions. How-
ever, our result of tplaq
cum in the S-HMC simulations, which is
determined more precisely than that for the A-HMC due to
the higher statistics, shows the contrary sea quark mass de-
pendence: tplaq
cum decreases as the sea quark mass decreases.
This is consistent with the UKQCD’s observation in Ref. @9#.
We also note that tplaq
cum in our simulations is much larger than
in the CP-PACS’s runs particularly at the heaviest sea quark
masses mPS,sea /mV,sea.0.8 (Ksea50.1340).
In our determination of non-perturbative cSW at b55.2
@28#, we find that the expectation value of the plaquette var-
ies rapidly around Ksea.0.132, where the plaquette shows
the strongest autocorrelation in the investigated region K
P@0.100,0.136# . Since such a behavior, somewhat similar to
a phase transition, is not observed at higher b , we consider
the unexpected behavior of the plaquette to be an artifact due
to finite lattice spacing. This artifact is probably absent or
well suppressed with the CP-PACS’s choice of the improved
actions. At sufficiently small lattice spacings, we then expect
that tplaq
cum shows the natural sea quark mass dependence:
namely, larger tplaq
cum for lighter sea quark masses. We also
expect that, even at b55.2, tplaqcum will increase if the sea
quark mass becomes sufficiently small compared to that cor-
responding to Ksea50.132.
IV. FINITE-SIZE EFFECTS
Finite-size effects ~FSEs! are one of the major sources of
systematic errors in lattice calculations. Since our largest
volume size .(1.8 fm)3 is still not so large, it is important to
check FSEs in our data. We discuss how much FSEs are







0.55 1.914~24! 0.0349~51! 0.1895~45! – – 20.00554~96!
0.23 1.877~33! 0.051~14! 0.1953~55! 20.0028~16! 20.00159~41! 20.00389~65!-14
LIGHT HADRON SPECTROSCOPY WITH TWO FLAVORS . . . PHYSICAL REVIEW D 68, 054502 ~2003!FIG. 23. Combined chiral extrapolation of vector meson masses.spatial volumes 123348, 163348, and 203348.
In Figs. 13–15, we plot the diagonal data of hadron
masses as a function of the spatial volume inverse. For
mPS,sea /mV,sea*0.7, including the quenched case, the hadron
masses obtained on the 163348 and 203348 lattices are
consistent with each other within two standard deviations.
On the other hand, hadron masses decrease monotonously up
to V5203 at the lightest sea quark mass corresponding to
mPS,sea /mV,sea.0.6.
The magnitude of the FSE also depends on the valence
quark mass. Figure 16 shows the valence quark mass depen-
dence of the relative mass shift between the two larger lat-
tices for PS mesons and octet baryons. We observe that, ex-
cept at the lightest sea quark mass, the mass shift is at most
at a few percent level in the whole range of the simulated
valence quark mass. The situation is similar for vector me-
sons and decuplet baryons. Therefore, we conclude that the
size of the FSE on our largest lattice is small over our range
of valence quark masses down to the second lightest sea
quark mass.
The mass shift is non-negligible at the lightest sea quark
mass. While the magnitude is of the order of a few percent
for the heaviest valence quarks, it clearly increases as the
valence quark mass decreases.
We consider that the observed FSE is caused by valence
quarks wrapping around the lattice in spatial directions
~namely, squeezing of hadrons into the small box! rather than
wrapping of virtual pions. As shown in Fig. 13, the magni-
tude of FSEs caused by the effects of virtual pions ~long
dashed line! @38# given by mPS(L)2mPS(L5‘)054502;exp@2mPS(L5‘)L# with L5Nsa is too small compared
to observed effects.
A qualitative understanding of the observed FSE is as
follows. The wrapping of valence quarks is suppressed by
the center Z(3) symmetry in quenched QCD @24#. In full
QCD, Z(3) symmetry is broken by the wrapping of sea
quarks in the spatial directions, whose magnitude increases
toward lighter sea quarks. A possible reason why the FSE is
significant only at our lightest sea quark mass would be that
the Z(3) breaking turns on rather quickly around the lightest
sea quarks.
The enhancement of the FSE toward the lighter valence
quarks leads to a decrease of the slope dmhad /dmPS
2 in Fig.
17 and, hence, an underestimation of the hadron mass split-
tings, such as the K*-K hyperfine splitting. The mass split-
tings are expected to be increased by sea quark effects, since
these are underestimated in quenched QCD as well estab-
lished in Ref. @4#. Therefore, the FSE makes sea quark ef-





0.1340 0.10~5! 0.5306~23! 0.6361~53!
0.1343 0.08~5! 0.5067~23! 0.6648~58!
0.1346 0.04~3! 0.4835~27! 0.6940~84!
0.1350 0.14~10! 0.4394~29! 0.786~10!
0.1355 0.27~20! 0.3885~34! 0.906~14!-15
AOKI et al. PHYSICAL REVIEW D 68, 054502 ~2003!FIG. 24. Combined chiral extrapolation of octet baryon masses. The top figure shows the extrapolation of diagonal data. The middle and
bottom figures are data at Ksea5Kval,150.1340 and 0.1355 for S-like ~left panels! and L-like ~right panels! baryons.fects less clear. It is crucial to check how large the FSE is in
our hadron mass data at the lightest sea quark mass on the
largest lattice.
Figures 13 and 14 show that the volume dependence of
our data is well described by a power law
mhad~L !5mhad~L5‘!1c/L3 ~27!
as found in Ref. @39# using the KS fermion. The relative size
of the FSE on the largest lattice,
Dm5
m~L520a !2mhad~L5‘!
m~L520a ! , ~28!
is estimated from this ansatz and is plotted in Fig. 18. We
find that, for PS and vector mesons, Dm is about 5% for
diagonal data and is reduced to a few percent at Kval
50.1350, which roughly corresponds to the strange quark
mass ms . It is expected, however, that the volume depen-
dence ~27! turns into a milder form exp@2mPSL# for suffi-
ciently large volumes. The actual size of the FSE should be
smaller than the above estimation—say, a few percent. Since
this is smaller than the typical size of quenching errors,
which is 5–10 %, we consider that the examination of sea
quark effects is feasible in the meson sector, particularly in
strange meson masses.
Finite-size effects are more pronounced for baryon masses
as observed in Fig. 18. For diagonal data, Dm is roughly
comparable with typical quenching errors in the baryon spec-054502trum of the order of 5–10 %. Sea quark effects in the light
baryon masses, such as mN and mD , may become unclear by
the contamination of the FSE. We note, however, that Dm
decreases for heavier valence quark masses. Examination of
sea quark effects becomes more feasible for strange baryon
masses like mJ and mV .
Figure 19 shows Dm for the diagonal data of the octet
baryon mass as a function of Ns . We find that the size of
Ns’30, which corresponds to L’2.7 fm, is required to sup-
press Dm to a few percent level. The required size becomes
slightly smaller, L’2.4 fm, for the valence quark mass
around ms . These sizes are larger than our largest spatial
lattice size of L.1.8 fm. Further simulations on such large
lattices will be needed to obtain a definite conclusion on sea
quark effects in the baryon spectrum.
Tables II and III show that FSEs in r0 are much smaller
than in hadron masses. While the central value on 203 is
systematically higher than that on 163 in both full and
quenched QCD, the difference is about 1% and not signifi-
cant with the accuracy of our data. The size of FSEs is
small—namely, a few percent level—even on 123. Therefore
the FSE in r0 on the largest lattice can be safely neglected in
both full and quenched QCD.
V. CHIRAL EXTRAPOLATION
The hadron spectrum in full QCD is calculated using had-
ron masses measured on the 203348 lattice. This requires a-16
LIGHT HADRON SPECTROSCOPY WITH TWO FLAVORS . . . PHYSICAL REVIEW D 68, 054502 ~2003!FIG. 25. Combined chiral extrapolation of decuplet baryon masses.parametrization of the mass data as a function of sea and
valence quark masses in order to extrapolate ~up-down! or
interpolate ~strange! quark masses to their physical values.
We make this parametrization by combined fits to masses of
a given hadron at all sea quark masses. We test the following
two methods for the combined fit:
~A! The effective lattice spacing—determined from r0 for
instance—may vary as a function of the sea quark mass.
In order to separate this effect from the physical
quark mass dependence, we carry out a chiral
extrapolation using dimensionless quantities
such as r0(Ksea)mhad(Ksea ;Kval,1 ,Kval,2), where
mhad(Ksea ;Kval,1 ,Kval,2) represents the measured hadron
mass composed of valence quark masses corresponding
to Kval,1 and Kval,2 on the gauge configurations generated
at Ksea . We refer to this way as ‘‘method A.’’
~B! It is also possible to fit hadron masses in lattice units, as
was done by the SESAM @5# and CP-PACS @11# Col-
laborations. We call this ‘‘method B.’’054502A detailed description of the two methods will be given in
Secs. V A and V B. They should yield a consistent hadron
spectrum, since fit forms in method B can be reproduced
from those in method A by expanding r0 as a function of sea
quark mass. This consistency is examined in Sec. V B.
A. Chiral extrapolation using r0 method A
Chiral perturbation theory ~ChPT! @40# provides a guide
to obtain a controlled chiral limit of hadron mass data. For
the quark mass dependence of the diagonal data of the PS
meson mass, ChPT predicts the presence of logarithmic sin-







y ln@y #1Ay , ~29!
where y52B0mq /(4p f )2 and A is a linear combination of
the low energy constants a i of the ChPT Lagrangian: A














0.82 2.512~50! 0.018~23! 0.1286~32! 20.0344~34! 0.0001~28! 20.00621~39! 20.00148~54! –
0.00047~23! 0.00374~26! 0.00057~35! 0.00014~39!
0.66 2.489~51! 0.020~23! 0.1315~34! 20.0342~34! 20.0008~28! 20.00520~32! 20.00088~54! 20.00356~34!
0.00074~25! 0.00395~27! 0.00044~35! 0.00006~39!-17







0.92 3.317~65! 0.038~15! 0.268~13! – – 20.0055~29!
0.92 3.327~85! 0.049~36! 0.253~16! 20.0012~43! 0.0020~13! 20.0059~19!hand side ~LHS!, mPS
2 /mq , is plotted as a function of mq
}y in Fig. 20. As we already reported @21,23#, our data show
no hint of the curvature predicted by the chiral logarithm.
The fit of Eq. ~29!, assuming f to be a free parameter, gives
f ;6 GeV, which is much larger than its experimental value
of 93 MeV. On the other hand, the fit gives an unacceptably
large x2/NDF5O(100), if we fix f to the experimental value.
A similar test using formulas from partially quenched
ChPT ~PQChPT! @41# also shows that the coefficient of the
chiral logarithm term obtained from our data is much smaller
than the prediction from PQChPT @21,23,42#. A possible rea-
son for the absence of the chiral logarithm is that the sea
quark mass in our simulations is still too large and higher
order corrections of ChPT should be included to describe the
data.
In this study, therefore, we use simple polynomial fitting
forms in terms of the quark mass for the chiral extrapolation.
The systematic error due to the chiral extrapolation is esti-
mated by testing several different polynomial forms. How-
ever, the inconsistency between our data and ChPT suggests
that the extrapolation may have larger uncertainty than this
estimation. This point will be examined in detail in a sepa-
rate paper @42#.
Since the sea quark mass in our simulations is not so
small as discussed above, it is important to check the con-
vergence property of the polynomial expansion of hadron
masses in our range of the sea quark mass. We carry out both










FIG. 26. Chiral extrapolation of r0. The vertical line shows










where mq,diag and mPS,sea are the quark mass defined through





2 S 1Ksea 2 1KcD , ~33!
mPS,sea5@r0~Ksea!mPS,sea#2, ~34!
mPS,sea5mPS~Ksea ;Ksea ,Ksea!. ~35!
The fit parameters and x2/NDF are collected in Tables V and
VI. The coefficient of the cubic term is small and consistent
with zero for both Eqs. ~30! and ~31!. Consequently, the
quadratic and cubic fits show a good consistency with each
other in the whole range of the quark mass and toward the
chiral limit, as seen in Fig. 21. These observations suggest
that the polynomial expansion up to the quadratic order is
sufficient to describe the quark mass dependence of our data
of meson masses in method A.
We carry out a combined fit to PS meson masses as a



















2 S 1Kval,i 2 1KcD ~ i51,2!. ~39!





LIGHT HADRON SPECTROSCOPY WITH TWO FLAVORS . . . PHYSICAL REVIEW D 68, 054502 ~2003!The presence of the monomial term in mq,sea means that the
PS meson mass does not vanish in the chiral limit mq,val
50 for nonzero values of mq,sea . This is because the value of
Kval where the PS meson mass vanishes depends on the sea
quark mass due to explicit violation of chiral symmetry with
the Wilson-type quark action.
We employ uncorrelated fits in the combined chiral ex-
trapolations although the data with the same sea quark mass
are expected to be correlated. Therefore, the obtained
x2/NDF can be considered only as a guide to judge the qual-
ity of the fit. Figure 22 shows that this fit form describes our
data well. The parameters of the fit are summarized in Table
VII. We note that Kc determined from the diagonal fit Eq.
~30! and the combined fit Eq. ~36! are consistent with each
other, as they should be.
The most general quadratic fit ansatz for the PS meson
masses should include an additional cross term
@r0~Ksea!mPS~Ksea ;Kval,1 ,Kval,2!#2
5‘‘RHS of Eq. ~36!’’1Cvv
PSmq,val,1mq,val,2 ,
~40!
where mq,val,i5r0(Ksea)mq,val,i . However, the coefficient is
small as shown in fit parameters in Table VII and, hence,
does not change the hadron spectrum. We use this fit to es-
timate the systematic error due to the choice of the fitting
function.
For the vector meson, we find that the following form





V mPS,seamPS,val , ~41!








mPS,val,i5mPS~Ksea ;Kval,i ,Kval,i!. ~44!
For a more general fit of the form
TABLE XIII. Parameters of diagonal fits to PS meson masses in
method B.




2.5 0.136020~10! 4.67~11! 39.1~1.3! –
1.9 0.135976~23! 5.47~42! 15~13! 252~142!054502r0~Ksea!mV~Ksea ;Kval,1 ,Kval,2!







the additional parameters Cs
V and Cv
V are not well determined
as seen in Table VIII. We use the former fit, which is shown
in Fig. 23, to calculate the hadron spectrum and the latter to
estimate systematic error of the chiral extrapolation.
We also carry out a partially quenched fit to vector meson
masses at each sea quark mass. We use a linear form, which
is obtained from Eq. ~41! by dropping all terms describing






The parameters given in Table IX are used to calculate the J
parameter at each sea quark mass.
The chiral extrapolation of octet baryon masses is carried
out using a quadratic form based on the leading order pre-
diction of ChPT @43#, which was also used in Ref. @11#. We
carry out the simultaneous fit to the S- and L-like octet
baryon masses using the functions





















TABLE XIV. Parameters of diagonal fits to vector meson






1.4 0.3523~45! 1.481~38! 21.000~73! –
0.1 0.3379~89! 1.73~13! 22.19~59! 1.71~80!
FIG. 27. Comparison of quadratic and cubic diagonal fits in
method B.-19
AOKI et al. PHYSICAL REVIEW D 68, 054502 ~2003!FIG. 28. Relative magnitude of the contribution of linear and quadratic terms in quadratic diagonal fits of PS meson masses.
FIG. 29. Relative magnitude of the contribution of constant, linear, and quadratic terms in quadratic diagonal fits of vector meson
masses.
FIG. 30. Comparison of diagonal fits in methods A and B.054502-20

















The decuplet baryon masses are well described by the
form






where mPS,val stands for the average of three valence quark
masses:









Figures 24 and 25 show the fit for octet and decuplet baryon
masses. The parameters are summarized in Tables X and XI.
We also test the following forms to estimate the systematic
error of the baryon spectrum due to the choice of the fitting
form:
r0~Ksea!moct~Ksea ;Kval,1 ,Kval,2 ,Kval,2!
5‘‘RHS of Eqs. ~47! and ~48!’’1Cvv
O mPS,val,1mPS,val,2 ,
~52!
r0~Ksea!mdec~Ksea ;Kval,1 ,Kval,2 ,Kval,2!






We carry out the chiral extrapolation of r0(Ksea) in order
to determine r0 at the physical sea quark mass, which is
required to calculate the hadron spectrum in method A. We







As seen in Fig. 26 and Table XII, this fit describes our data
well and gives a reasonable value of x2/NDF;1.5.
TABLE XV. Parameters of chiral extrapolation of r0 in terms of
PS meson mass squared.
x2/NDF Ar08 Br08 Cr08 Dr08
0.01 5.629~34! 28.41~56! 16.3~2.7! 215.2~3.8!FIG. 32. Comparison of the sea quark mass dependence of r0mV ~left figure! and r0 ~right figure! in lattice units with those in CP-PACS
data. We estimate r0mV in the chiral limit in the CP-PACS data from a linear fit in terms of (r0mPS)2.-21
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In order to study the convergence properties of polyno-
mial fit forms in method B, we carry out quadratic and cubic



















The fit parameters are summarized in Tables XIII and XIV.
Fit curves of the quadratic and cubic fits to vector meson
masses are shown in Fig. 27. While quadratic and cubic fits
describe our data reasonably well at the quark masses used in
the simulation, they develop a deviation toward the chiral
limit and for heavy quarks.
Figure 28 compares the relative magnitude of the linear
and quadratic terms in the quadratic diagonal fit to PS meson
mass in methods A and B. As the quark mass increases, the
magnitude of the quadratic contribution in method B in-
creases more rapidly than in method A; it is no longer a
small correction at the simulated quark masses (mq,diag
.0.015–0.055). A similar situation is observed in the chiral
fit to vector meson masses as shown in Fig. 29.
We come to conclude that the chiral expansions of meson
masses in lattice units, Eqs. ~55! and ~56!, have poor conver-
gence properties compared to those in unit of r0, Eqs. ~30!
and ~31! in method A, and the cubic term should not be
TABLE XVI. Hopping parameters corresponding to the light
(Kud) and the strange quark mass with K @Ks(K)# and f @Ks(f)#
input in full QCD. The lattice cutoff determined from r meson mass
is also written. Error is statistical only.
Kud Ks(K) Ks(f) a21 @GeV#
0.1359896~90! 0.134857~29! 0.134711~44! 2.221~28!054502ignored in method B. We directly confirm this point in Fig.
30, where the fit results for vector mesons from method A are
converted to lattice units using Eq. ~54! and compared with
the fits of method B. The cubic fit in method B shows a good
consistency with the quadratic fit in method A, while the
quadratic fit in method B does not.
The combined chiral fit including cubic terms is not very
stable because it contains a number of free parameters. In
this study, therefore, we do not use method B to extract the
physical hadron spectrum.
Before we turn to the details of the determination of the
hadron spectrum, let us make additional comments on the
failure of method B with our data. Figure 31 shows the chiral








The fit parameters in Table XV show that a large contribu-
tion of higher order terms is present also in this fit. By sub-
stituting this parametrization of r0 to Eqs. ~30! and ~31! ~di-
agonal fits in method A!, large higher order corrections
appear in Eqs. ~55! and ~56! ~diagonal fits in method B!.
Conversely, why method A works well is that large contribu-
tions of higher order terms in hadron masses and r0 cancel
with each other at least partially.
We note that method B works well in the CP-PACS’s
study @11#, where they took similar simulation parameters
but with different lattice actions: Namely, the RG-improved
gauge action and the tadpole-improved clover quark action.
We compare the CP-PACS data of r0mV at b52.2 and ours
in Fig. 32. The good consistency in the whole range of the
quark mass suggests that two groups’ data are in the scaling
region. However, we find that the CP-PACS data of r0 in
lattice units show much milder dependence on the sea quark
mass than ours. This is the reason why method B works well
in the CP-PACS study, but does not with our data. It is, of
course, not surprising that different lattice actions lead to
different sea quark mass dependences of the hadron massesFIG. 33. Chiral extrapolation of meson ~top figures! and baryon ~bottom figures! masses in quenched QCD. For octet baryon masses, we
plot only data at Kval,250.13260 and 0.13432 for simplicity.-22
LIGHT HADRON SPECTROSCOPY WITH TWO FLAVORS . . . PHYSICAL REVIEW D 68, 054502 ~2003!TABLE XVII. Fit parameters of chiral extrapolations in quenched QCD.




















mdec 0.03 0.712~14! 1.123~59!and r0 in lattice units. However, as discussed above, the
much stronger dependence with our choice of lattice action is
practically problematic if one carries out the chiral extrapo-
lation in lattice units.
C. Calculation of the hadron spectrum
The hadron spectrum at the physical quark mass is deter-
mined as follows. The pion and r meson masses normalized
by r0 are determined by tuning their ratio (r0mp)/(r0mr) to











where we denote the experimental value of hadron mass by
mhad,expt and r0 represents the Sommer scale at the physical
sea quark mass. The hopping parameter corresponding to the
physical light quark mass, Kud , is fixed by solving




Then we determine r0, which is required to convert r0mp
and r0mr to mp and mr , from Kud and Eq. ~54!.
We test two meson mass inputs to fix the strange quark
mass:
~i! In the first method, we use the kaon mass as input. The
hopping parameter corresponding to the strange quark mass,
Ks , is determined by solving






where we set Ksea5Kval,15Kud and Kval,25Ks on the RHS
of Eq. ~36!. Then the mass of the ‘‘hs’’ meson—that is, an
unphysical s¯s PS meson—is determined from Eq. ~36! and
TABLE XVIII. Hopping parameters corresponding to the light
(Kud) and the strange quark mass with K @Ks(K)# and f @Ks(f)#
input in quenched QCD.
Kud Ks(K) Ks(f) a21 @GeV#
0.135245~11! 0.133571~43! 0.133214~76! 1.834~24!054502used to calculate strange vector meson and strange baryon
masses. We refer to this meson mass input as K input.
~ii! In the second method, we use the f meson mass as
input assuming that it is a pure s¯s vector meson. The hs
meson mass is fixed from






where we set mPS,sea5mp and mPS,val,15mPS,val,25mhs. We
determine Ks from mhs and Eq. ~36!. This input is called f
input.
The full spectrum of non-strange and strange hadrons is
determined by substituting Kud , mp , Ks , mhs, and r0 into
Eqs. ~36!, ~41!, ~47!, ~48!, and ~49!. We use the lattice spac-
ing a determined from mr to convert the hadron masses in
lattice units to those in physical units. We note that this es-
timate of the scale a is subject to a systematic uncertainty
due to the use of the polynomial fitting forms for the chiral
extrapolation. However, if we use r0 as the input to set the
scale, we obtain a consistent result for a within errors. The
results of Kud , Ks , and a21 are collected in Table XVI.
We repeat the above analysis using each of the alternative
fit forms Eqs. ~40!, ~45!, ~52!, and ~53!. The largest deviation
FIG. 34. Vector meson mass as a function of PS meson mass
squared at each sea quark mass in full QCD and in quenched QCD.
The experimental values of meson masses are also plotted using our
result r050.497 fm, which is determined from Eq. ~54! and Kud
and a in Table XVI.-23
AOKI et al. PHYSICAL REVIEW D 68, 054502 ~2003!TABLE XIX. J parameter calculated by Eq. ~68!. We obtain J50.4242(61) at Ksea5Kud with the alternative definition ~69!.
Ksea 0.1340 0.1343 0.1346 0.1350 0.1355 Kud Quenched
J 0.3827~22! 0.3818~21! 0.3801~34! 0.3932~32! 0.4018~37! 0.4153~62! 0.3735~66!in the hadron spectrum among these analyses is taken as the
systematic error due to the choice of the chiral fit forms.




also describes our data well. However, the hadron spectrum
calculated using this fit is completely consistent with those
using Eq. ~54!. We therefore ignore the systematic error due
to the choice of the fit form, Eq. ~54!.
The systematic error of the measured value of r0(Ksea)
leads to an additional uncertainty in the result of the hadron
spectrum. We perform the calculation of the spectrum with
r0(Ksea) shifted by its systematic error at one value of Ksea .
This calculation is repeated for all Ksea and the largest devia-
tion in the spectrum is included into the systematic error.
D. Chiral extrapolation in quenched QCD
The chiral extrapolations in quenched QCD are performed
using fit forms which are obtained from those used in the full
QCD analysis by dropping all terms describing the sea quark












The following fitting forms are used for the baryon masses:
FIG. 35. J parameter defined by Eq. ~68! in full ~left panel! and
quenched ~right panel! QCD. Dashed lines are reproduced from
combined chiral fit, Eq. ~41!. We also plot values calculated from an
phenomenological definition, Eq. ~69!, using the experimental spec-




































These forms fit to our data very well as shown in Fig. 33. Fit
parameters are summarized in Table XVII. The hadron spec-
trum is calculated in an analogous way to that for full QCD.
The resulting values of Kud , Ks , and a21 are summarized in
Table XVIII.
VI. SEA QUARK EFFECTS ON THE HADRON
SPECTRUM
A. Sea quark effects at the simulated quark mass
Figure 34 compares the valence quark mass dependence
of the vector meson mass at each sea quark mass in full QCD
and in quenched QCD. We observe that quenched data have
FIG. 36. Decuplet baryon masses as a function of PS meson
mass squared at each sea quark mass in full and quenched QCD.-24
LIGHT HADRON SPECTROSCOPY WITH TWO FLAVORS . . . PHYSICAL REVIEW D 68, 054502 ~2003!TABLE XX. Strange vector meson masses in GeV units in full and quenched QCD. The meson mass
input to fix the strange quark mass is written in the brackets in the first column. The first error is statistical.
The second and third ones are systematic error due to the choice of chiral fit forms and systematic uncertainty
of r0. The deviation from the experimental spectrum is denoted by Dm .
m(N f52) Dm(N f52) m(N f50) Dm(N f50)
K*(K) 0.8791(14)( 2113)( 212114) 21.9% 0.8706~16! 22.9%
f(K) 0.9899(28)( 22815 )( 224129) 22.9% 0.9727~32! 24.7%
K(f) 0.5272(31)( 27140)( 231126) 15.8% 0.5466~39! 19.4%
K*(f) 0.89390(0)(1173)(0) 20.2% 0.89390~0! 20.2%a significantly smaller slope than experimental points. This
leads to an underestimation of the K*-K hyperfine splitting
in quenched QCD.
The slopes in full QCD data are clearly larger than in
quenched QCD and increase for decreasing sea quark mass.
This is reflected in a negative value of Csv
V for Eq. ~41! in
Table VIII. This sea quark effect leads to a better agreement
of the meson spectrum in full QCD with experiment than in
quenched QCD.







is useful to quantify the sea quark effect. Numerical results
of J calculated from the partially quenched chiral fit Eq. ~46!
are given in Table XIX. In Fig. 35, we plot J in full QCD
~filled circles! as a function of the sea quark mass together
with the quenched result ~open circle in the right panel!. We
observe that J in full QCD is close to the quenched value at
heavy sea quark masses corresponding to mPS /mV>0.75 and
increases as the sea quark masses decreases.
In the same figure, we also plot J reproduced from the
combined chiral fit, Eq. ~41! ~dashed lines!. The result is
consistent with J from the partially quenched fit, as it should
be, and shows a similar sea quark mass dependence. We
FIG. 37. Comparison of the strange meson masses between full
and quenched QCD. Experimental values are shown by horizontal
lines.054502observe that J extrapolated to the physical sea quark mass is





2 50.48~2 ! ~69!
than in quenched QCD.
Figure 35 also shows J calculated from our results of the
meson spectrum ~see Table XX! using the above alternative
definition Eq. ~69! ~filled square!. The result is in good
agreement with other determinations, showing the magnitude
of the sea quark effect in J to be stable against the definition
of J.
In Sec. IV, we pointed out that the FSE decreases the
slope dmV /dmPS
2
. This is confirmed numerically in
dmV /dmPS
2 determined from the partially quenched chiral fit,
Eq. ~46!, at the lightest sea quark mass: dmV /dmPS
2 is
0.906~14! on 203, 0.814~88! on 163, and 0.68~30! on 123.
The slope would be larger if we increase the spatial size
beyond 203. Therefore, the observed sea quark mass depen-
dence of the slope and J is a genuine effect of dynamical
quarks and not an artifact of FSEs.
A similar effect of sea quarks can be found in the decuplet
baryon masses as shown in Fig. 36. However, a significant
deviation still exists in the slope between full QCD data and
the experimental spectrum. We consider that a larger slope in
full QCD is still partly masked by FSEs on the 203 volume;
volume as large as 303 would be needed to reduce FSEs to a
few percent level as discussed in Sec. IV.
FIG. 38. Mass of the K* meson with K input as a function of
lattice spacing.-25
AOKI et al. PHYSICAL REVIEW D 68, 054502 ~2003!TABLE XXI. Baryon spectrum in GeV units in full and quenched QCD.
m(N f52) Dm(N f52) m(N f50) Dm(N f50)
N 1.015(19)( 29118)( 27110) 17.7% 1.004~26! 16.7%
S(K) 1.185(17)( 210116)( 2518) 20.7% 1.162~20! 22.6%
L(K) 1.143(18)( 29116)( 2619) 12.4% 1.120~20! 10.4%
J(K) 1.291(16)(114)( 2417) 21.8% 1.260~14! 24.3%
S(f) 1.204(17)(118)( 2316) 11.0% 1.194~19! 10.1%
L(f) 1.159(17)(118)( 2417) 13.8% 1.146~19! 12.7%
J(f) 1.325(16)(118)( 2113) 10.7% 1.315~11! 10.02%
D 1.328(25)(124)( 27111) 17.5% 1.318~26! 16.7%
S*(K) 1.433(21)( 21122)( 27110) 13.5% 1.414~22! 12.2%
J*(K) 1.537(17)( 25120)( 2619) 10.4% 1.510~18! 21.4%
V(K) 1.642(14)( 26118)( 2618) 21.8% 1.606~14! 24.1%
S*(f) 1.447(20)( 22124)( 2518) 14.4% 1.436~20! 13.7%
J*(f) 1.566(15)( 25124)( 2315) 12.2% 1.554~14! 11.4%
V(f) 1.684(11)( 27123)( 2113) 10.7% 1.671~10! 20.1%We emphasize that the evidence of sea quark effects ob-
served in this subsection does not suffer from possibly large
systematic errors due to the chiral extrapolation and the
choice of inputs to fix the scale and quark masses: the in-
crease of the slopes, dmV /dmPS
2 and dmdec /mPS
2
, is observed
without any chiral extrapolation and inputs. The sea quark
mass dependence of J is obtained by a short extrapolation or
an interpolation to a relatively heavy valence quark mass
corresponding to mPS /mV5mK /mK*.
B. Hadron spectrum
The meson spectrum in full and quenched QCD is sum-
marized in Table XX. Since our fitting functions to vector
meson masses, Eqs. ~41! and ~64!, are linear in terms of the
valence quark mass, mK* with f input equals (mr ,expt
1mf ,expt)/2 in both full and quenched QCD. The deviation
of this value from the experimental mass mK*,expt is only
0.2%.
A clear difference between full and quenched QCD is
observed in other meson masses as shown in Fig. 37. While
FIG. 39. Baryon spectrum with K input. Experimental values are
shown by horizontal lines.054502the quenched meson spectrum shows a significant deviation
from experiment, sea quark effects reduce the deviation by
about 40%. This closer agreement of the meson spectrum
with experiment is a consequence of the sea quark effects
observed in the previous subsection.
In Fig. 38, mK* with the K input in full QCD is compared
with the CP-PACS results obtained with the RG-improved
gauge and clover quark actions @11#. We observe that our
mK* is consistent with the CP-PACS result at a similar lattice
spacing and is at the lower edge of their estimate in the
continuum limit. In the same figure, we also make a com-
parison in quenched QCD with the CP-PACS results ob-
tained with the plaquette gauge and the Wilson quark actions
in Ref. @4#. The two groups’ results show good agreement
with each other. These observations suggest that the scaling
violation is small in our data both in full and quenched QCD
FIG. 40. Nucleon mass ~bottom panel! and J baryon mass ~top
panel! with K input as a function of lattice spacing. Open triangles
represent the CP-PACS results in quenched QCD using the standard
plaquette gauge and Wilson quark actions, while open squares are
obtained with the renormalization-group-improved gauge and
tadpole-improved clover actions.-26
LIGHT HADRON SPECTROSCOPY WITH TWO FLAVORS . . . PHYSICAL REVIEW D 68, 054502 ~2003!FIG. 41. Combined chiral extrapolation of the PS meson decay constants.and, hence, the closer agreement of the meson spectrum in
full QCD with experiment is a genuine effect of sea quarks.
The baryon masses in full and quenched QCD are listed in
Table XXI. These masses are compared with experiment in
Fig. 39. For heavier baryons, such as S , J , and V , full
QCD results show a closer agreement with experiment than
in quenched QCD. The sea quark effect is, however, less
clear for lighter baryons. This is partly due to FSEs in full
QCD data which are more pronounced for lighter valence
quarks.
In Fig. 40, mN and mJ with the K input are compared
with the CP-PACS results @4,11#. While the full QCD results
of the two groups show reasonable agreement with each
other, the CP-PACS results in the continuum limit in
quenched QCD are systematically smaller than ours. This
suggests that our quenched data have a non-negligible scal-
ing violation, which is another source making sea quark ef-
fects less clear. Therefore, further investigations of FSEs in
full QCD and scaling violation in quenched QCD are re-
quired to obtain a clear conclusion on sea quark effects in the
baryon spectrum.
We now turn to theoretical predictions which can be de-
rived from our data. The first is the mass of the hs meson, for054502which our full QCD data predict mhs50.6948(3)(18/
21)(12) GeV with the K input and 0.7381(46)(157)
(140/246) GeV with the f input, where the first error is
statistical and the second and third ones are due to the choice
of the fitting form and a systematic uncertainty of r0. These
results are to be compared with those in quenched QCD:
0.6988~9! GeV (K input! and 0.7719~58! GeV (f input!.
While the values themselves do not differ by going from
quenched to full QCD, the difference between the two inputs
is reduced by about 40% in full QCD. This reflects the closer
agreement of the meson spectrum in full QCD.
Another interesting prediction is the physical value of r0.
Our full QCD simulation gives r050.497(6)(29)(111/
212) fm, where the meaning of the three errors is the same
as that of mhs. We note that this is close to the phenomeno-
logical estimate in the original paper @29#, r050.49 fm. The
quenched simulation gives 0.5702~75!~50! fm, where the first
error is statistical and the second comes from the systematic
uncertainty of the measurement. About a 14% difference be-
tween full and quenched QCD arises from the following two
sea quark effects. One is the difference of the physical value
of r0 itself due to the change of the shape of the static quarkTABLE XXII. Parameters of combined chiral fits to the PS meson decay constant in full QCD.






0.001 0.3415~71! 0.0075~18! 0.0349~18! – – 20.00128~42!
0.001 0.344~11! 0.0019~55! 0.0398~18! 0.00046~70! 20.00105~19! 20.00069~23!-27
AOKI et al. PHYSICAL REVIEW D 68, 054502 ~2003!potential. The other source is the reduction of the quenching
error in mr in full QCD, which is used to fix the lattice scale.
VII. DECAY CONSTANTS
The PS meson decay constants are calculated using the
fourth component of the improved axial vector current,
which is defined by
A4
imp5A41cAD4P , ~70!
with the symmetric lattice derivative D4. We extract the am-
plitude of the ^A4
imp(t)P(0)†& correlator, CALS , by the corre-
lated fit of the form
^A4
imp~ t !P~0 !†&5CA
LS$exp@2mPSt#2exp@2mPS~Nt2t !#%,
~71!
with mPS fixed to the results given in the Appendix. We use
the local operator for A4
imp
, while the double smearing is
applied to P. The amplitude of the ^P(t)P(0)†& operator
with the doubly smeared source and the sink operators, CP
SS
,
is extracted assuming a single hyperbolic cosine form.




Since non-perturbatively determined values for ZA , bA , and
cA are not available for two-flavor QCD, we adopt the one-
loop perturbative values in Refs. @45–50# with the tadpole
improvement. We calculate aP(3.40/a) from the plaquette
average ^UP& according to @51,52#
TABLE XXIII. Parameters of chiral extrapolation to the PS me-





TABLE XXIV. Pseudoscalar decay constants in full and
quenched QCD calculated with one-loop and non-perturbative ~NP!
matchings. Decay constants are written in GeV units. The first error
is statistical. The second and third ones for full QCD results are the
systematic error due to the choice of chiral fit forms and uncertainty
of the measured value of r0.
One-loop cA , ZA , and bA NP cA , ZA , and bA
N f52 N f50 N f50
f p 0.1372(31)(125)( 27111) 0.1337~24! 0.1287~23!
f K(K) 0.1576(23)(128)( 2518) 0.1497~20! 0.1438~19!
f K(f) 0.1603(21)(129)( 2315) 0.1533~17! 0.1473~17!
f K(K)/ f p 1.148(11)( 25112)( 2312) 1.1195~63! 1.1174~63!
f K(f)/ f p 1.168(13)( 23113)( 2614) 1.1468~90! 1.1443~89!0545022ln@^UP&#5
4p
3 aP~3.40/a !$12~1.190520.2266N f !aP%.
~73!
Then, aP(3.40/a) is evolved to the optimum scale (qZA*
51.803/a for ZA , qbA* 52.289/a for bA , and qcA* 52.653/a
for cA @53#! using the universal two-loop beta function and is
used as the expansion parameter of tadpole-improved pertur-
bation theory.
The consistent chiral extrapolation of the decay constant
should include the chiral logarithmic term as predicted by
ChPT @40#. However, our data do not show the characteristic
curvature of the chiral logarithm as discussed in Sec. V A
~and also in Refs. @21,23#!. We therefore use the following
polynomial form for the chiral extrapolation, leaving the
problem of the chiral logarithm and associated uncertainty
for a future publication @42#:






The fit is plotted in Fig. 41 with the parameters summarized
in Table XXII. The pion and kaon decay constants f p and f K
are calculated by tuning mPS,sea to (r0mp)2 and substituting
(r0mp)2 or (r0mhs)
2 for mPS,val,i (i51,2) in mPS,val . The
systematic errors due to the choice of the fitting function and
the uncertainty of r0 are estimated in a way similar to those
described in Sec. V C. In the estimation of the former error,
we use
r0~Ksea! f PS~Ksea ;Kval,1 ,Kval,2!






FIG. 42. Comparison of f p ~left panel!, f K ~center panel!, and
f K / f p ~right panel! between full and quenched QCD. We use K
input for f K and f K / f p . Experimental values are shown by hori-
zontal lines.-28
LIGHT HADRON SPECTROSCOPY WITH TWO FLAVORS . . . PHYSICAL REVIEW D 68, 054502 ~2003!FIG. 43. Combined chiral extrapolation of PS meson masses in terms of the AWI quark mass.TABLE XXV. Parameters of combined chiral fits to PS meson





0.21 18.08~12! 0.33~19! 23.01~38!
0.22 18.13~11! – 22.89~39!
TABLE XXVI. Quark masses in two-flavor QCD in the MS
scheme at m52 GeV. Values of mud and ms are in MeV units. The
meson mass input to fix ms is written in brackets. The quoted errors
are statistical only.
mud ms(K) ms(f) ms(K)/mud ms(f)/mud
AWI 3.223~43! 84.5~1.1! 96.4~2.2! 26.133~24! 29.78~38!
VWI 2.488~57! 98.2~1.1! 110.4~2.3! 39.36~73! 44.21~93!
TABLE XXVII. Parameters of chiral extrapolation to PS meson




0.22 2.974~44! 1.31~61!054502and Eqs. ~40! and ~45! as the alternative fitting functions for
the chiral extrapolation.
In quenched QCD, we use the chiral extrapolation form
f PS~Kval,1 ,Kval,2!5Aqf 1Bqf mPS,val2 ~76!
and obtain parameters summarized in Table XXIII. For ZA ,
bA , and cA , we test the one-loop perturbative value and the
non-perturbative one in Ref. @54#.
Our results of the decay constants are summarized in
Table XXIV. A comparison between full and quenched QCD
results obtained by the one-loop matching is made in Fig. 42.
We observe that f p is consistent with the experimental value
within two standard deviations in both full and quenched
TABLE XXVIII. Quark masses in quenched QCD in the MS
scheme at m52 GeV calculated in quenched QCD. Values of mud
and ms are in MeV units. The choice of input to fix ms is written in
brackets.
mud ms(K) ms(f) ms(K)/mud ms(f)/mud
One-loop matching
AWI 4.020~77! 104.1~1.6! 128.2~3.3! 25.90~13! 31.88~56!
VWI 4.628~77! 114.2~1.6! 136.9~3.2! 24.673~88! 29.57~42!
Non-perturbative matching
AWI 3.522~66! 91.9~1.4! 113.1~2.9! 26.08~13! 32.11~56!
VWI 4.315~72! 106.5~1.5! 127.7~3.0! 24.681~87! 29.58~42!-29
AOKI et al. PHYSICAL REVIEW D 68, 054502 ~2003!FIG. 44. Comparison of light ~left figure! and strange ~right figure! quark mass with K input in two-flavor QCD. Triangles represent the
CP-PACS results of the VWI quark mass using Kc determined by partially quenched chiral extrapolations. The CP-PACS result in the
continuum limit was obtained by a combined linear extrapolation of three data. We note that the SESAM-TxL results in Ref. @7# are
consistent with these results within the large error arising from their continuum extrapolation.QCD. While f K in quenched QCD is significantly smaller
than the experimental value, the deviation is reduced by sea
quark effects and the full QCD result becomes consistent
with experiment.
The results obtained with one-loop renormalization fac-
tors are subject to higher order corrections. However, as
shown in Table XXIV for the quenched results, the differ-
ence between the perturbative and non-perturbative match-
ings is not large. This is because the O(a) correction to the
improved current in Eq. ~70! is not large, and the non-
perturbative values for ZA and bA are close to those in
tadpole-improved perturbation theory. We may therefore ex-
pect that the uncertainty due to the perturbative matching is
small also in the full QCD results.
It is expected that various systematic uncertainties, in-
cluding the scaling violation, would partially cancel in the
ratio f K / f p . This expectation is supported by the good
agreement of the quenched results between the perturbative
and non-perturbative matchings, which suggests that higher
order corrections to the renormalization factors almost cancel
in the ratio. Therefore the ratio is useful to discuss sea quark
effects. Comparison of this quantity shows that the full QCD
values are significantly closer to the experimental value
.1.22 by about two standard deviations than in quenched
QCD.
VIII. QUARK MASSES
We calculate the up-down and strange quark masses
through the axial vector Ward identity ~AWI!. The bare quark









LS are the amplitudes of ^A4
imp(t)P(0)†&
and ^P(t)P(0)†& with the doubly smeared source and the
local sink operators.054502We then carry out the chiral fit of the PS meson mass as a
function of the AWI bare quark mass. The fitting function is
obtained from Eq. ~36! with the replacement of the VWI
masses with the AWI ones. We also drop all monomial terms
in the sea quark mass, since the PS meson mass vanishes in
the chiral limit mq,val
AWI50 even for nonzero sea quark masses




















FIG. 45. Comparison of light ~left panel! and strange ~right
panel! quark mass in full and quenched QCD.-30
LIGHT HADRON SPECTROSCOPY WITH TWO FLAVORS . . . PHYSICAL REVIEW D 68, 054502 ~2003!TABLE XXIX. Meson masses on 123348 in N f52 full QCD.
Ksea Kval,1 Kval,2 @ tmin ,tmax# x2/NDF mPS @ tmin ,tmax# x2/NDF mV
0.1340 0.1340 0.1340 @9,24# 2.7 0.619~10! @9,24# 2.1 0.782~12!
0.1340 0.1343 0.1343 @9,24# 2.9 0.592~11! @9,24# 2.3 0.762~13!
0.1340 0.1346 0.1346 @9,24# 2.9 0.564~12! @9,24# 2.5 0.742~13!
0.1340 0.1350 0.1350 @9,24# 2.6 0.525~12! @9,24# 2.7 0.714~14!
0.1340 0.1355 0.1355 @9,24# 2.1 0.4709~95! @9,24# 2.6 0.679~14!
0.1340 0.1358 0.1358 @9,24# 1.9 0.4344~79! @9,24# 2.4 0.660~13!
0.1340 0.1340 0.1343 @9,24# 2.8 0.606~11! @9,24# 2.2 0.772~13!
0.1340 0.1340 0.1346 @9,24# 3.0 0.592~11! @9,24# 2.3 0.762~13!
0.1340 0.1340 0.1350 @9,24# 3.0 0.574~12! @9,24# 2.4 0.749~13!
0.1340 0.1340 0.1355 @9,24# 2.7 0.550~12! @9,24# 2.5 0.731~13!
0.1340 0.1340 0.1358 @9,24# 2.4 0.535~11! @9,24# 2.5 0.720~14!
0.1343 0.1340 0.1340 @9,24# 2.2 0.5766~55! @9,24# 2.6 0.748~13!
0.1343 0.1343 0.1343 @9,24# 2.2 0.5474~51! @9,24# 2.7 0.728~14!
0.1343 0.1346 0.1346 @9,24# 2.1 0.5174~48! @9,24# 2.6 0.704~16!
0.1343 0.1350 0.1350 @9,24# 2.2 0.4755~50! @9,24# 1.8 0.665~19!
0.1343 0.1355 0.1355 @9,24# 2.4 0.4173~61! @9,24# 0.9 0.626~16!
0.1343 0.1358 0.1358 @9,24# 2.9 0.3798~69! @9,24# 1.3 0.613~19!
0.1343 0.1343 0.1340 @9,24# 2.2 0.5621~53! @9,24# 2.7 0.738~13!
0.1343 0.1343 0.1346 @9,24# 2.1 0.5325~49! @9,24# 2.7 0.716~14!
0.1343 0.1343 0.1350 @9,24# 2.2 0.5124~47! @9,24# 2.5 0.699~16!
0.1343 0.1343 0.1355 @9,24# 2.2 0.4867~49! @9,24# 1.9 0.675~18!
0.1343 0.1343 0.1358 @9,24# 2.2 0.4704~56! @9,24# 1.3 0.661~18!
0.1346 0.1340 0.1340 @9,24# 4.0 0.5595~39! @9,24# 2.5 0.7122~93!
0.1346 0.1343 0.1343 @9,24# 4.7 0.5304~49! @9,24# 2.6 0.6917~97!
0.1346 0.1346 0.1346 @9,24# 4.5 0.5011~70! @9,24# 2.6 0.669~11!
0.1346 0.1350 0.1350 @9,24# 3.0 0.4596~80! @9,24# 2.8 0.636~15!
0.1346 0.1355 0.1355 @9,24# 2.0 0.4000~56! @9,24# 4.6 0.601~19!
0.1346 0.1358 0.1358 @9,24# 1.6 0.3561~67! @9,24# 3.7 0.576~24!
0.1346 0.1346 0.1340 @9,24# 4.7 0.5305~49! @9,24# 2.5 0.6916~95!
0.1346 0.1346 0.1343 @9,24# 4.7 0.5158~59! @9,24# 2.6 0.681~10!
0.1346 0.1346 0.1350 @9,24# 3.7 0.4809~80! @9,24# 2.6 0.653~12!
0.1346 0.1346 0.1355 @9,24# 2.6 0.4544~74! @9,24# 2.9 0.631~16!
0.1346 0.1346 0.1358 @9,24# 2.0 0.4371~60! @9,24# 3.7 0.620~19!
0.1350 0.1340 0.1340 @10,24# 2.9 0.5304~61! @10,24# 0.9 0.671~13!
0.1350 0.1343 0.1343 @10,24# 2.8 0.4998~65! @10,24# 0.8 0.650~14!
0.1350 0.1346 0.1346 @10,24# 2.6 0.4681~69! @10,24# 0.8 0.629~16!
0.1350 0.1350 0.1350 @10,24# 2.4 0.4239~71! @10,24# 0.7 0.602~18!
0.1350 0.1355 0.1355 @10,24# 1.8 0.3634~63! @10,24# 0.7 0.574~17!
0.1350 0.1358 0.1358 @10,24# 1.4 0.3233~56! @10,24# 0.9 0.564~19!
0.1350 0.1350 0.1340 @10,24# 2.6 0.4791~68! @10,24# 0.7 0.637~15!
0.1350 0.1350 0.1343 @10,24# 2.6 0.4629~70! @10,24# 0.7 0.626~16!
0.1350 0.1350 0.1346 @10,24# 2.5 0.4464~71! @10,24# 0.7 0.615~17!
0.1350 0.1350 0.1355 @10,24# 2.1 0.3948~67! @10,24# 0.6 0.587~19!
0.1350 0.1350 0.1358 @10,24# 1.7 0.3768~61! @10,24# 0.7 0.580~17!
0.1355 0.1340 0.1340 @10,24# 2.0 0.4825~57! @11,24# 1.5 0.621~13!
0.1355 0.1343 0.1343 @10,24# 1.9 0.4530~60! @11,24# 1.4 0.601~14!
0.1355 0.1346 0.1346 @10,24# 1.8 0.4230~66! @11,24# 1.3 0.581~15!
0.1355 0.1350 0.1350 @10,24# 1.7 0.3821~84! @11,24# 1.4 0.556~21!
0.1355 0.1355 0.1355 @10,24# 1.4 0.328~14! @11,24# 1.2 0.541~48!
0.1355 0.1358 0.1358 @10,24# 1.5 0.287~26! @11,24# 0.9 0.560~82!
0.1355 0.1355 0.1340 @10,24# 1.6 0.4111~92! @11,24# 1.2 0.577~20!
0.1355 0.1355 0.1343 @10,24# 1.6 0.3948~97! @11,24# 1.3 0.566~22!
0.1355 0.1355 0.1346 @10,24# 1.6 0.378~10! @11,24# 1.3 0.556~25!
0.1355 0.1355 0.1350 @10,24# 1.6 0.356~11! @11,24# 1.4 0.546~31!
0.1355 0.1355 0.1358 @10,24# 1.4 0.309~20! @11,24# 1.0 0.546~64!054502-31
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Ksea Kval,1 Kval,2 Kval,3 @ tmin ,tmax# x2/NDF mS @ tmin ,tmax# x2/NDF mL @ tmin ,tmax# x2/NDF mdec
0.1340 0.1340 0.1340 0.1340 @10,24# 1.7 1.153~12! – – – @10,24# 1.6 1.220~37!
0.1340 0.1343 0.1343 0.1343 @10,24# 1.7 1.122~16! – – – @10,24# 1.5 1.191~39!
0.1340 0.1346 0.1346 0.1346 @10,24# 1.7 1.089~24! – – – @10,24# 1.4 1.164~39!
0.1340 0.1350 0.1350 0.1350 @10,24# 1.6 1.040~33! – – – @10,24# 1.3 1.131~36!
0.1340 0.1355 0.1355 0.1355 @10,24# 1.8 0.971~41! – – – @10,24# 1.4 1.096~32!
0.1340 0.1358 0.1358 0.1358 @10,24# 1.8 0.922~43! – – – @10,24# 1.5 1.077~38!
0.1340 0.1340 0.1340 0.1343 @10,24# 1.8 1.142~13! @10,24# 1.6 1.143~13! @10,24# 1.6 1.209~37!
0.1340 0.1340 0.1340 0.1346 @10,24# 1.8 1.132~15! @10,24# 1.5 1.134~14! @10,24# 1.6 1.199~38!
0.1340 0.1340 0.1340 0.1350 @10,24# 1.9 1.118~18! @10,24# 1.4 1.121~18! @10,24# 1.5 1.186~38!
0.1340 0.1340 0.1340 0.1355 @10,24# 1.9 1.100~21! @10,24# 1.2 1.104~22! @10,24# 1.5 1.173~37!
0.1340 0.1340 0.1340 0.1358 @10,24# 1.9 1.089~23! @10,24# 1.0 1.094~23! @10,24# 1.7 1.170~38!
0.1340 0.1343 0.1343 0.1340 @10,24# 1.6 1.133~14! @10,24# 1.7 1.132~14! @10,24# 1.6 1.199~38!
0.1340 0.1346 0.1346 0.1340 @10,24# 1.6 1.112~19! @10,24# 1.8 1.110~19! @10,24# 1.5 1.180~39!
0.1340 0.1350 0.1350 0.1340 @10,24# 1.5 1.083~26! @10,24# 1.8 1.080~25! @10,24# 1.3 1.156~37!
0.1340 0.1355 0.1355 0.1340 @10,24# 1.4 1.043~35! @10,24# 1.7 1.039~28! @10,24# 1.5 1.136~34!
0.1340 0.1358 0.1358 0.1340 @10,24# 1.6 1.020~40! @10,24# 1.8 1.017~28! @10,24# 1.6 1.129~33!
0.1343 0.1340 0.1340 0.1340 @10,24# 1.7 1.132~23! – – – @10,24# 1.7 1.216~27!
0.1343 0.1343 0.1343 0.1343 @10,24# 1.8 1.094~23! – – – @10,24# 1.5 1.187~27!
0.1343 0.1346 0.1346 0.1346 @10,24# 2.0 1.055~25! – – – @10,24# 1.3 1.159~28!
0.1343 0.1350 0.1350 0.1350 @10,24# 2.3 0.998~25! – – – @10,24# 1.1 1.125~33!
0.1343 0.1355 0.1355 0.1355 @10,24# 2.4 0.921~32! – – – @10,24# 1.3 1.099~51!
0.1343 0.1358 0.1358 0.1358 @10,24# 1.3 0.876~43! – – – @10,24# 2.0 1.117~83!
0.1343 0.1343 0.1343 0.1340 @10,24# 1.7 1.107~23! @10,24# 1.9 1.107~23! @10,24# 1.6 1.193~26!
0.1343 0.1343 0.1343 0.1346 @10,24# 1.9 1.081~24! @10,24# 1.7 1.082~23! @10,24# 1.5 1.174~26!
0.1343 0.1343 0.1343 0.1350 @10,24# 2.2 1.063~25! @10,24# 1.7 1.065~24! @10,24# 1.3 1.162~27!
0.1343 0.1343 0.1343 0.1355 @10,24# 2.7 1.037~26! @10,24# 1.6 1.046~26! @10,24# 1.2 1.149~30!
0.1343 0.1343 0.1343 0.1358 @10,24# 3.1 1.017~29! @10,24# 1.5 1.034~27! @10,24# 1.1 1.145~34!
0.1343 0.1340 0.1340 0.1343 @10,24# 1.8 1.120~23! @10,24# 1.7 1.120~22! @10,24# 1.7 1.203~26!
0.1343 0.1346 0.1346 0.1343 @10,24# 1.8 1.068~24! @10,24# 2.0 1.068~24! @10,24# 1.4 1.165~27!
0.1343 0.1350 0.1350 0.1343 @10,24# 1.8 1.033~25! @10,24# 2.4 1.030~26! @10,24# 1.2 1.142~29!
0.1343 0.1355 0.1355 0.1343 @10,24# 1.8 0.990~27! @10,24# 3.0 0.974~30! @10,24# 1.1 1.119~37!
0.1343 0.1358 0.1358 0.1343 @10,24# 1.6 0.964~25! @10,24# 2.7 0.939~38! @10,24# 1.3 1.116~45!
0.1346 0.1340 0.1340 0.1340 @11,24# 0.9 1.082~13! – – – @11,24# 4.9 1.220~38!
0.1346 0.1343 0.1343 0.1343 @11,24# 1.0 1.045~16! – – – @11,24# 3.8 1.184~34!
0.1346 0.1346 0.1346 0.1346 @11,24# 1.1 1.006~24! – – – @11,24# 2.4 1.147~35!
0.1346 0.1350 0.1350 0.1350 @11,24# 1.7 0.964~56! – – – @11,24# 1.4 1.108~49!
0.1346 0.1355 0.1355 0.1355 @11,24# 2.3 0.924~61! – – – @11,24# 1.1 1.089~65!
0.1346 0.1358 0.1358 0.1358 @11,24# 1.3 0.946~58! – – – @11,24# 1.0 1.14~11!
0.1346 0.1346 0.1346 0.1340 @11,24# 1.1 1.037~19! @11,24# 0.9 1.028~18! @11,24# 3.2 1.174~34!
0.1346 0.1346 0.1346 0.1343 @11,24# 1.1 1.022~21! @11,24# 1.0 1.017~21! @11,24# 2.8 1.161~33!
0.1346 0.1346 0.1346 0.1350 @11,24# 1.2 0.985~32! @11,24# 1.4 0.994~30! @11,24# 1.9 1.133~38!
0.1346 0.1346 0.1346 0.1355 @11,24# 1.1 0.959~39! @11,24# 1.6 0.982~40! @11,24# 1.6 1.120~45!
0.1346 0.1346 0.1346 0.1358 @11,24# 0.9 0.940~30! @11,24# 1.7 0.976~50! @11,24# 1.6 1.118~50!
0.1346 0.1340 0.1340 0.1346 @11,24# 0.8 1.054~14! @11,24# 1.0 1.062~16! @11,24# 4.4 1.198~35!
0.1346 0.1343 0.1343 0.1346 @11,24# 0.9 1.030~18! @11,24# 1.1 1.035~18! @11,24# 3.3 1.173~34!
0.1346 0.1350 0.1350 0.1346 @11,24# 1.6 0.979~39! @11,24# 1.4 0.970~44! @11,24# 1.5 1.120~42!
0.1346 0.1355 0.1355 0.1346 @11,24# 1.8 0.956~64! @11,24# 1.6 0.933~53! @11,24# 1.2 1.101~56!
0.1346 0.1358 0.1358 0.1346 @11,24# 1.8 0.933~66! @11,24# 1.2 0.912~45! @11,24# 1.2 1.119~59!054502-32
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Ksea Kval,1 Kval,2 Kval,3 @ tmin ,tmax# x2/NDF mS @ tmin ,tmax# x2/NDF mL @ tmin ,tmax# x2/NDF mdec
0.1350 0.1340 0.1340 0.1340 @11,24# 1.7 1.026~21! – – – @11,24# 0.9 1.094~19!
0.1350 0.1343 0.1343 0.1343 @11,24# 2.1 0.993~24! – – – @11,24# 1.0 1.059~20!
0.1350 0.1346 0.1346 0.1346 @11,24# 2.8 0.960~26! – – – @11,24# 1.2 1.027~24!
0.1350 0.1350 0.1350 0.1350 @11,24# 3.8 0.915~34! – – – @11,24# 1.6 0.992~32!
0.1350 0.1355 0.1355 0.1355 @11,24# 3.6 0.846~35! – – – @11,24# 0.9 0.954~30!
0.1350 0.1358 0.1358 0.1358 @11,24# 2.8 0.798~57! – – – @11,24# 0.4 0.913~47!
0.1350 0.1350 0.1350 0.1340 @11,24# 3.0 0.961~30! @11,24# 3.2 0.936~24! @11,24# 1.4 1.016~26!
0.1350 0.1350 0.1350 0.1343 @11,24# 3.2 0.949~31! @11,24# 3.4 0.929~26! @11,24# 1.5 1.006~27!
0.1350 0.1350 0.1350 0.1346 @11,24# 3.5 0.936~32! @11,24# 3.6 0.922~29! @11,24# 1.5 0.997~28!
0.1350 0.1350 0.1350 0.1355 @11,24# 3.9 0.881~32! @11,24# 4.0 0.905~41! @11,24# 1.4 0.974~31!
0.1350 0.1350 0.1350 0.1358 @11,24# 3.7 0.865~26! @11,24# 4.1 0.894~53! @11,24# 1.1 0.973~31!
0.1350 0.1340 0.1340 0.1350 @11,24# 2.2 0.980~22! @11,24# 2.3 0.994~28! @11,24# 1.1 1.050~20!
0.1350 0.1343 0.1343 0.1350 @11,24# 2.7 0.959~24! @11,24# 2.7 0.972~28! @11,24# 1.2 1.029~22!
0.1350 0.1346 0.1346 0.1350 @11,24# 3.3 0.939~27! @11,24# 3.1 0.949~29! @11,24# 1.3 1.009~25!
0.1350 0.1355 0.1355 0.1350 @11,24# 4.1 0.886~42! @11,24# 3.3 0.858~31! @11,24# 1.1 0.962~32!
0.1350 0.1358 0.1358 0.1350 @11,24# 4.4 0.869~54! @11,24# 1.9 0.838~32! @11,24# 0.6 0.947~37!
0.1355 0.1340 0.1340 0.1340 @11,24# 2.7 0.983~19! – – – @11,24# 1.8 1.055~29!
0.1355 0.1343 0.1343 0.1343 @11,24# 2.5 0.959~27! – – – @11,24# 1.5 1.024~33!
0.1355 0.1346 0.1346 0.1346 @11,24# 2.2 0.930~28! – – – @11,24# 1.3 0.989~35!
0.1355 0.1350 0.1350 0.1350 @11,24# 2.0 0.882~27! – – – @11,24# 1.2 0.955~42!
0.1355 0.1355 0.1355 0.1355 @11,24# 2.0 0.820~36! – – – @11,24# 1.6 0.95~10!
0.1355 0.1358 0.1358 0.1358 @11,24# 1.4 0.854~99! – – – @11,24# 1.2 0.94~20!
0.1355 0.1355 0.1355 0.1340 @11,24# 2.3 0.897~27! @11,24# 3.4 0.874~37! @11,24# 2.3 0.991~41!
0.1355 0.1355 0.1355 0.1343 @11,24# 2.1 0.882~25! @11,24# 3.2 0.872~41! @11,24# 2.0 0.976~47!
0.1355 0.1355 0.1355 0.1346 @11,24# 1.9 0.867~25! @11,24# 2.8 0.869~46! @11,24# 1.8 0.961~57!
0.1355 0.1355 0.1355 0.1350 @11,24# 1.8 0.847~28! @11,24# 2.3 0.855~47! @11,24# 1.6 0.949~66!
0.1355 0.1355 0.1355 0.1358 @11,24# 2.4 0.784~68! @11,24# 1.6 0.824~48! @11,24# 1.8 0.913~88!
0.1355 0.1340 0.1340 0.1355 @11,24# 2.2 0.943~29! @11,24# 3.5 0.930~24! @11,24# 2.1 1.013~32!
0.1355 0.1343 0.1343 0.1355 @11,24# 2.2 0.924~34! @11,24# 2.8 0.911~21! @11,24# 1.6 0.986~28!
0.1355 0.1346 0.1346 0.1355 @11,24# 2.2 0.900~34! @11,24# 2.2 0.893~21! @11,24# 1.3 0.963~34!
0.1355 0.1350 0.1350 0.1355 @11,24# 2.3 0.875~44! @11,24# 1.7 0.863~25! @11,24# 1.3 0.943~52!








AWI~Ksea ;Kval,i ,Kval,i!. ~82!
Our data and fit are shown in Fig. 43.
We adopt the fit ~78! because it is consistent with that in
terms of the VWI quark mass @Eq. ~36!#. However, a func-









also gives an acceptable x2/NDF . We use this as an alterna-
tive fit in our estimation of the systematic error due to the
choice of the fitting function ~see below!. The parameters of
these two fits are summarized in Table XXV.
The bare AWI masses of the up-down and strange quarks
are fixed in a way analogous to that described in Sec. V C by054502using Eq. ~78! instead of Eq. ~36!. The matching to the modi-
fied minimal subtraction (MS) scheme is made at the scale
m52/a using the one-loop renormalization constant @46–
50# with the tadpole improvement. We use aP(qZA* ),
aP(qbA* ) as the expansion parameter in the one-loop expres-
sion of ZA and bA , while we set q*52/a for other coeffi-
cients for which q* is not known. The MS quark mass is
evolved to m52 GeV using the four-loop beta function
@55,56#.
The VWI quark mass may differ from the AWI one be-
cause of explicit violation of chiral symmetry at finite lattice
spacings. The difference between the AWI and VWI masses,
therefore, gives insight into the size of the scaling violation
in our results. This leads us to repeat the calculation of quark
masses using the VWI definition. The bare quark mass is
calculated from Kc , Kud , and Ks in Tables VII and XVI.
The MS mass is obtained by the one-loop matching at m
52/a and the four-loop running to m52 GeV. The resulting
AWI and VWI masses are summarized in Table XXVI.
For a calculation of quark masses in quenched QCD, the
chiral extrapolation is carried out using a quadratic fit form-33
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Ksea Kval,1 Kval,2 @ tmin ,tmax# x2/NDF mPS @ tmin ,tmax# x2/NDF mV
0.1340 0.1340 0.1340 @9,24# 3.3 0.6200~21! @9,24# 2.0 0.7727~41!
0.1340 0.1343 0.1343 @9,24# 2.9 0.5917~20! @9,24# 1.6 0.7527~49!
0.1340 0.1346 0.1346 @9,24# 2.4 0.5623~19! @9,24# 1.4 0.7324~60!
0.1340 0.1350 0.1350 @9,24# 1.9 0.5212~22! @9,24# 1.6 0.7050~78!
0.1340 0.1355 0.1355 @9,24# 1.8 0.4656~27! @9,24# 2.5 0.672~12!
0.1340 0.1358 0.1358 @9,24# 2.1 0.4288~29! @9,24# 2.5 0.653~13!
0.1340 0.1340 0.1343 @9,24# 3.1 0.6060~20! @9,24# 1.8 0.7627~45!
0.1340 0.1340 0.1346 @9,24# 2.9 0.5917~20! @9,24# 1.6 0.7527~50!
0.1340 0.1340 0.1350 @9,24# 2.6 0.5724~19! @9,24# 1.4 0.7392~59!
0.1340 0.1340 0.1355 @9,24# 2.3 0.5476~20! @9,24# 1.3 0.7220~73!
0.1340 0.1340 0.1358 @9,24# 2.1 0.5324~22! @9,24# 1.4 0.7116~80!
0.1343 0.1340 0.1340 @9,24# 2.2 0.5819~40! @9,24# 3.5 0.7291~73!
0.1343 0.1343 0.1343 @9,24# 2.3 0.5528~40! @9,24# 4.2 0.7090~88!
0.1343 0.1346 0.1346 @9,24# 2.3 0.5225~39! @9,24# 4.9 0.689~10!
0.1343 0.1350 0.1350 @9,24# 2.5 0.4802~37! @9,24# 5.9 0.665~13!
0.1343 0.1355 0.1355 @9,24# 2.9 0.4226~31! @9,24# 5.6 0.626~18!
0.1343 0.1358 0.1358 @9,24# 3.1 0.3836~33! @9,24# 4.4 0.595~19!
0.1343 0.1343 0.1340 @9,24# 2.2 0.5674~40! @9,24# 3.8 0.7191~80!
0.1343 0.1343 0.1346 @9,24# 2.3 0.5378~40! @9,24# 4.5 0.6992~96!
0.1343 0.1343 0.1350 @9,24# 2.4 0.5175~39! @9,24# 5.0 0.687~11!
0.1343 0.1343 0.1355 @9,24# 2.5 0.4913~39! @9,24# 5.6 0.671~12!
0.1343 0.1343 0.1358 @9,24# 2.8 0.4751~38! @9,24# 5.6 0.661~14!
0.1346 0.1340 0.1340 @9,24# 1.6 0.5556~20! @9,24# 1.5 0.7011~34!
0.1346 0.1343 0.1343 @9,24# 1.3 0.5254~20! @9,24# 1.7 0.6789~46!
0.1346 0.1346 0.1346 @9,24# 0.9 0.4939~20! @9,24# 1.8 0.6573~58!
0.1346 0.1350 0.1350 @9,24# 0.6 0.4496~20! @9,24# 2.2 0.6297~70!
0.1346 0.1355 0.1355 @9,24# 0.8 0.3891~24! @9,24# 2.8 0.5947~84!
0.1346 0.1358 0.1358 @9,24# 1.2 0.3482~36! @9,24# 2.9 0.572~12!
0.1346 0.1346 0.1340 @9,24# 1.2 0.5254~20! @9,24# 1.7 0.6790~47!
0.1346 0.1346 0.1343 @9,24# 1.1 0.5099~19! @9,24# 1.7 0.6680~52!
0.1346 0.1346 0.1350 @9,24# 0.7 0.4721~20! @9,24# 2.0 0.6434~66!
0.1346 0.1346 0.1355 @9,24# 0.6 0.4438~21! @9,24# 2.4 0.6262~77!
0.1346 0.1346 0.1358 @9,24# 0.6 0.4262~22! @9,24# 3.0 0.6152~85!
0.1350 0.1340 0.1340 @10,24# 2.2 0.5107~22! @10,24# 1.1 0.6469~56!
0.1350 0.1343 0.1343 @10,24# 2.2 0.4793~24! @10,24# 1.1 0.6233~62!
0.1350 0.1346 0.1346 @10,24# 2.2 0.4466~27! @10,24# 1.0 0.5990~71!
0.1350 0.1350 0.1350 @10,24# 2.3 0.4003~33! @10,24# 0.9 0.5660~91!
0.1350 0.1355 0.1355 @10,24# 2.9 0.3353~46! @10,24# 1.0 0.529~13!
0.1350 0.1358 0.1358 @10,24# 3.7 0.2904~67! @10,24# 1.3 0.510~19!
0.1350 0.1350 0.1340 @10,24# 2.2 0.4578~26! @10,24# 1.1 0.6075~69!
0.1350 0.1350 0.1343 @10,24# 2.2 0.4410~28! @10,24# 1.0 0.5950~74!
0.1350 0.1350 0.1346 @10,24# 2.3 0.4239~30! @10,24# 0.9 0.5825~80!
0.1350 0.1350 0.1355 @10,24# 2.5 0.3691~39! @10,24# 0.9 0.547~11!
0.1350 0.1350 0.1358 @10,24# 2.7 0.3490~44! @10,24# 1.1 0.535~13!
0.1355 0.1340 0.1340 @10,24# 3.2 0.4680~36! @11,24# 0.9 0.5922~57!
0.1355 0.1343 0.1343 @10,24# 3.2 0.4357~36! @11,24# 0.8 0.5685~63!
0.1355 0.1346 0.1346 @10,24# 3.1 0.4012~37! @11,24# 0.7 0.5457~72!
0.1355 0.1350 0.1350 @10,24# 2.9 0.3511~43! @11,24# 0.8 0.5166~81!
0.1355 0.1355 0.1355 @10,24# 2.6 0.2806~64! @11,24# 0.8 0.479~11!
0.1355 0.1358 0.1358 @10,24# 3.3 0.2321~81! @11,24# 1.1 0.448~21!
0.1355 0.1355 0.1340 @10,24# 2.9 0.3843~43! @11,24# 0.7 0.5356~77!
0.1355 0.1355 0.1343 @10,24# 2.7 0.3651~44! @11,24# 0.7 0.5245~78!
0.1355 0.1355 0.1346 @10,24# 2.7 0.3452~47! @11,24# 0.7 0.5132~79!
0.1355 0.1355 0.1350 @10,24# 2.6 0.3174~53! @11,24# 0.8 0.4981~85!
0.1355 0.1355 0.1358 @10,24# 2.8 0.2579~73! @11,24# 0.7 0.465~14!054502-34
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Ksea Kval,1 Kval,2 Kval,3 @ tmin ,tmax# x2/NDF mS @ tmin ,tmax# x2/NDF mL @ tmin ,tmax# x2/NDF mdec
0.1340 0.1340 0.1340 0.1340 @10,24# 2.2 1.166~20! – – – @10,24# 5.1 1.256~20!
0.1340 0.1343 0.1343 0.1343 @10,24# 2.3 1.128~21! – – – @10,24# 3.8 1.224~17!
0.1340 0.1346 0.1346 0.1346 @10,24# 2.2 1.089~20! – – – @10,24# 2.8 1.192~15!
0.1340 0.1350 0.1350 0.1350 @10,24# 1.7 1.037~18! – – – @10,24# 2.0 1.149~13!
0.1340 0.1355 0.1355 0.1355 @10,24# 1.3 0.979~18! – – – @10,24# 1.4 1.096~13!
0.1340 0.1358 0.1358 0.1358 @10,24# 1.7 0.955~18! – – – @10,24# 1.2 1.067~16!
0.1340 0.1340 0.1340 0.1343 @10,24# 2.1 1.152~20! @10,24# 2.4 1.155~22! @10,24# 4.9 1.242~20!
0.1340 0.1340 0.1340 0.1346 @10,24# 2.0 1.138~20! @10,24# 2.7 1.144~23! @10,24# 4.3 1.231~19!
0.1340 0.1340 0.1340 0.1350 @10,24# 1.9 1.120~18! @10,24# 3.0 1.129~24! @10,24# 3.6 1.218~17!
0.1340 0.1340 0.1340 0.1355 @10,24# 1.7 1.097~16! @10,24# 2.9 1.109~22! @10,24# 2.5 1.202~16!
0.1340 0.1340 0.1340 0.1358 @10,24# 1.5 1.083~15! @10,24# 2.3 1.097~18! @10,24# 1.9 1.193~15!
0.1340 0.1343 0.1343 0.1340 @10,24# 2.5 1.142~22! @10,24# 2.1 1.139~20! @10,24# 4.4 1.231~19!
0.1340 0.1346 0.1346 0.1340 @10,24# 2.8 1.118~24! @10,24# 2.0 1.113~19! @10,24# 3.5 1.211~17!
0.1340 0.1350 0.1350 0.1340 @10,24# 2.9 1.083~24! @10,24# 1.6 1.077~17! @10,24# 2.5 1.183~14!
0.1340 0.1355 0.1355 0.1340 @10,24# 2.2 1.040~21! @10,24# 1.1 1.035~16! @10,24# 1.5 1.149~12!
0.1340 0.1358 0.1358 0.1340 @10,24# 1.6 1.019~18! @10,24# 1.2 1.011~16! @10,24# 1.2 1.130~11!
0.1343 0.1340 0.1340 0.1340 @10,24# 1.0 1.100~14! – – – @10,24# 2.0 1.203~15!
0.1343 0.1343 0.1343 0.1343 @10,24# 0.7 1.063~13! – – – @10,24# 2.4 1.176~16!
0.1343 0.1346 0.1346 0.1346 @10,24# 0.7 1.025~13! – – – @10,24# 2.9 1.150~18!
0.1343 0.1350 0.1350 0.1350 @10,24# 0.8 0.972~15! – – – @10,24# 3.1 1.110~27!
0.1343 0.1355 0.1355 0.1355 @10,24# 1.5 0.902~23! – – – @10,24# 2.5 1.044~36!
0.1343 0.1358 0.1358 0.1358 @10,24# 2.0 0.863~30! – – – @10,24# 2.1 1.004~40!
0.1343 0.1343 0.1343 0.1340 @10,24# 0.8 1.076~13! @10,24# 0.8 1.075~13! @10,24# 2.3 1.183~15!
0.1343 0.1343 0.1343 0.1346 @10,24# 0.7 1.050~13! @10,24# 0.7 1.051~13! @10,24# 2.6 1.166~16!
0.1343 0.1343 0.1343 0.1350 @10,24# 0.6 1.032~13! @10,24# 0.8 1.035~12! @10,24# 2.9 1.155~16!
0.1343 0.1343 0.1343 0.1355 @10,24# 0.8 1.008~14! @10,24# 1.0 1.015~13! @10,24# 3.4 1.139~19!
0.1343 0.1343 0.1343 0.1358 @10,24# 1.0 0.993~15! @10,24# 1.4 1.003~15! @10,24# 3.5 1.125~23!
0.1343 0.1340 0.1340 0.1343 @10,24# 0.8 1.087~14! @10,24# 0.9 1.088~13! @10,24# 2.1 1.192~15!
0.1343 0.1346 0.1346 0.1343 @10,24# 0.7 1.039~13! @10,24# 0.7 1.037~13! @10,24# 2.8 1.158~16!
0.1343 0.1350 0.1350 0.1343 @10,24# 0.9 1.005~13! @10,24# 0.7 1.001~14! @10,24# 3.4 1.135~20!
0.1343 0.1355 0.1355 0.1343 @10,24# 1.4 0.961~17! @10,24# 1.0 0.953~18! @10,24# 3.1 1.093~32!
0.1343 0.1358 0.1358 0.1343 @10,24# 2.2 0.932~19! @10,24# 1.4 0.925~25! @10,24# 2.6 1.065~38!
0.1346 0.1340 0.1340 0.1340 @11,24# 2.4 1.064~10! – – – @11,24# 1.8 1.153~16!
0.1346 0.1343 0.1343 0.1343 @11,24# 2.3 1.028~12! – – – @11,24# 1.8 1.122~16!
0.1346 0.1346 0.1346 0.1346 @11,24# 2.2 0.991~14! – – – @11,24# 1.8 1.091~17!
0.1346 0.1350 0.1350 0.1350 @11,24# 1.8 0.938~16! – – – @11,24# 1.7 1.053~19!
0.1346 0.1355 0.1355 0.1355 @11,24# 1.1 0.862~20! – – – @11,24# 1.2 1.008~30!
0.1346 0.1358 0.1358 0.1358 @11,24# 1.7 0.821~30! – – – @11,24# 0.9 0.981~40!
0.1346 0.1346 0.1346 0.1340 @11,24# 2.3 1.017~11! @11,24# 2.3 1.014~13! @11,24# 1.8 1.110~18!
0.1346 0.1346 0.1346 0.1343 @11,24# 2.2 1.004~12! @11,24# 2.2 1.002~13! @11,24# 1.8 1.099~18!
0.1346 0.1346 0.1346 0.1350 @11,24# 2.0 0.972~15! @11,24# 2.1 0.975~13! @11,24# 1.9 1.075~18!
0.1346 0.1346 0.1346 0.1355 @11,24# 1.8 0.945~15! @11,24# 1.9 0.953~14! @11,24# 2.0 1.061~20!
0.1346 0.1346 0.1346 0.1358 @11,24# 1.7 0.926~15! @11,24# 1.6 0.939~16! @11,24# 2.1 1.055~22!
0.1346 0.1340 0.1340 0.1346 @11,24# 2.4 1.039~12! @11,24# 2.4 1.041~10! @11,24# 1.8 1.130~17!
0.1346 0.1343 0.1343 0.1346 @11,24# 2.3 1.015~13! @11,24# 2.3 1.016~12! @11,24# 1.8 1.109~17!
0.1346 0.1350 0.1350 0.1346 @11,24# 2.0 0.957~14! @11,24# 1.9 0.954~16! @11,24# 1.9 1.062~19!
0.1346 0.1355 0.1355 0.1346 @11,24# 1.7 0.908~18! @11,24# 1.4 0.901~16! @11,24# 1.7 1.034~23!
0.1346 0.1358 0.1358 0.1346 @11,24# 1.1 0.873~21! @11,24# 1.4 0.869~20! @11,24# 1.5 1.019~30!054502-35
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Ksea Kval,1 Kval,2 Kval,3 @ tmin ,tmax# x2/NDF mS @ tmin ,tmax# x2/NDF mL @ tmin ,tmax# x2/NDF mdec
0.1350 0.1340 0.1340 0.1340 @11,24# 2.1 0.965~11! – – – @11,24# 1.4 1.031~14!
0.1350 0.1343 0.1343 0.1343 @11,24# 1.7 0.925~10! – – – @11,24# 1.3 0.995~15!
0.1350 0.1346 0.1346 0.1346 @11,24# 1.6 0.884~11! – – – @11,24# 1.2 0.958~16!
0.1350 0.1350 0.1350 0.1350 @11,24# 1.7 0.828~12! – – – @11,24# 1.3 0.903~18!
0.1350 0.1355 0.1355 0.1355 @11,24# 1.1 0.759~16! – – – @11,24# 1.1 0.826~33!
0.1350 0.1358 0.1358 0.1358 @11,24# 1.0 0.715~25! – – – @11,24# 0.9 0.758~49!
0.1350 0.1350 0.1350 0.1340 @11,24# 1.5 0.879~13! @11,24# 1.4 0.8708~92! @11,24# 1.2 0.947~16!
0.1350 0.1350 0.1350 0.1343 @11,24# 1.6 0.864~13! @11,24# 1.5 0.8577~98! @11,24# 1.2 0.934~16!
0.1350 0.1350 0.1350 0.1346 @11,24# 1.7 0.849~13! @11,24# 1.5 0.845~11! @11,24# 1.3 0.920~17!
0.1350 0.1350 0.1350 0.1355 @11,24# 1.3 0.802~12! @11,24# 1.7 0.807~16! @11,24# 1.2 0.876~20!
0.1350 0.1350 0.1350 0.1358 @11,24# 1.1 0.787~13! @11,24# 1.7 0.792~15! @11,24# 1.0 0.857~23!
0.1350 0.1340 0.1340 0.1350 @11,24# 1.5 0.916~10! @11,24# 1.5 0.9247~97! @11,24# 1.2 0.988~14!
0.1350 0.1343 0.1343 0.1350 @11,24# 1.4 0.890~10! @11,24# 1.5 0.897~11! @11,24# 1.2 0.964~15!
0.1350 0.1346 0.1346 0.1350 @11,24# 1.5 0.864~11! @11,24# 1.6 0.868~12! @11,24# 1.2 0.938~16!
0.1350 0.1355 0.1355 0.1350 @11,24# 1.5 0.784~17! @11,24# 1.2 0.778~14! @11,24# 1.1 0.851~25!
0.1350 0.1358 0.1358 0.1350 @11,24# 1.3 0.755~17! @11,24# 1.2 0.747~16! @11,24# 0.8 0.811~36!
0.1355 0.1340 0.1340 0.1340 @11,24# 2.7 0.891~16! – – – @11,24# 1.1 0.981~17!
0.1355 0.1343 0.1343 0.1343 @11,24# 3.1 0.851~18! – – – @11,24# 1.2 0.948~22!
0.1355 0.1346 0.1346 0.1346 @11,24# 3.6 0.814~20! – – – @11,24# 1.3 0.919~30!
0.1355 0.1350 0.1350 0.1350 @11,24# 3.5 0.771~24! – – – @11,24# 1.4 0.892~39!
0.1355 0.1355 0.1355 0.1355 @11,24# 2.0 0.707~29! – – – @11,24# 1.9 0.864~53!
0.1355 0.1358 0.1358 0.1358 @11,24# 1.4 0.666~47! – – – @11,24# 2.2 0.806~65!
0.1355 0.1355 0.1355 0.1340 @11,24# 3.0 0.791~27! @11,24# 2.8 0.761~22! @11,24# 1.4 0.889~39!
0.1355 0.1355 0.1355 0.1343 @11,24# 2.8 0.776~26! @11,24# 2.7 0.749~23! @11,24# 1.5 0.883~42!
0.1355 0.1355 0.1355 0.1346 @11,24# 2.6 0.760~26! @11,24# 2.6 0.738~24! @11,24# 1.5 0.877~44!
0.1355 0.1355 0.1355 0.1350 @11,24# 2.3 0.737~28! @11,24# 2.4 0.724~27! @11,24# 1.6 0.870~47!
0.1355 0.1355 0.1355 0.1358 @11,24# 1.8 0.686~30! @11,24# 1.8 0.703~29! @11,24# 2.0 0.845~57!
0.1355 0.1340 0.1340 0.1355 @11,24# 5.7 0.818~27! @11,24# 2.2 0.839~23! @11,24# 1.4 0.923~34!
0.1355 0.1343 0.1343 0.1355 @11,24# 5.3 0.794~27! @11,24# 2.6 0.815~25! @11,24# 1.3 0.907~37!
0.1355 0.1346 0.1346 0.1355 @11,24# 4.4 0.773~26! @11,24# 2.8 0.793~27! @11,24# 1.3 0.893~40!
0.1355 0.1350 0.1350 0.1355 @11,24# 3.1 0.746~27! @11,24# 2.7 0.759~26! @11,24# 1.4 0.878~43!
0.1355 0.1358 0.1358 0.1355 @11,24# 1.7 0.692~32! @11,24# 1.6 0.669~34! @11,24# 2.3 0.825~55!obtained from Eq. ~78! by dropping the third term which







The obtained parameters are listed in Table XXVII. We use
either the one-loop or non-perturbative value in Refs.
@35,57–59# for the renormalization factors. Numerical results
are summarized in Table XXVIII.
In Fig. 44, our full QCD results are compared with esti-
mates by the CP-PACS @10,11# and QCDSF-UKQCD Col-
laborations @60#. We observe good agreement for the AWI
masses among the three groups even at the finite lattice spac-
ing of a21;2 GeV. These results are consistent also with
the CP-PACS result extrapolated to the continuum limit. This
suggests that various uncertainties, such as scaling violation
and higher order corrections to renormalization factors, are
likely to be canceled in the ratio defining the AWI mass @Eq.
~77!#.054502On the other hand, such a cancellation is not expected in
the VWI mass. Indeed there is a sizable difference between
our AWI and VWI results. We also observe that our and the
CP-PACS results of VWI mud show a large discrepancy of
about 18% ~six standard deviations!. These observations sug-
gest that the scaling violation in our results of the VWI
masses is not small.
In both full and quenched QCD, therefore, we quote the
AWI masses as the central value. We adopt K input for ms .
The difference between ms with K and f inputs is treated as
the systematic error due to the choice of the meson mass
input to fix ms .
Additional systematic errors due to the choice of the chi-
ral fit form and the uncertainty of the measured value of r0
are included in our final results in full QCD. These errors are
estimated in a similar way to that described in Sec. V C by
using Eqs. ~40!, ~45!, and ~83! as alternative fit forms.
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Ksea Kval,1 Kval,2 @ tmin ,tmax# x2/NDF mPS @ tmin ,tmax# x2/NDF mV
0.1340 0.1340 0.1340 @9,24# 0.8 0.61630~55! @9,24# 1.1 0.7715~12!
0.1340 0.1343 0.1343 @9,24# 0.7 0.58799~56! @9,24# 1.1 0.7507~12!
0.1340 0.1346 0.1346 @9,24# 0.7 0.55869~56! @9,24# 1.1 0.7297~13!
0.1340 0.1350 0.1350 @9,24# 0.7 0.51777~58! @9,24# 1.1 0.7016~13!
0.1340 0.1355 0.1355 @9,24# 0.7 0.46262~62! @9,24# 1.0 0.6665~15!
0.1340 0.1358 0.1358 @9,24# 0.8 0.42623~65! @9,24# 1.1 0.6454~17!
0.1340 0.1340 0.1343 @9,24# 0.7 0.60226~55! @9,24# 1.1 0.7611~12!
0.1340 0.1340 0.1346 @9,24# 0.7 0.58800~56! @9,24# 1.1 0.7507~12!
0.1340 0.1340 0.1350 @9,24# 0.7 0.56861~56! @9,24# 1.1 0.7368~13!
0.1340 0.1340 0.1355 @9,24# 0.7 0.54373~57! @9,24# 1.1 0.7196~13!
0.1340 0.1340 0.1358 @9,24# 0.7 0.52839~58! @9,24# 1.1 0.7094~14!
0.1343 0.1340 0.1340 @9,24# 0.5 0.58180~61! @9,24# 0.7 0.7312~11!
0.1343 0.1343 0.1343 @9,24# 0.5 0.55270~62! @9,24# 0.7 0.7098~11!
0.1343 0.1346 0.1346 @9,24# 0.6 0.52248~64! @9,24# 0.7 0.6884~12!
0.1343 0.1350 0.1350 @9,24# 0.7 0.48003~66! @9,24# 0.8 0.6600~13!
0.1343 0.1355 0.1355 @9,24# 0.8 0.42223~70! @9,24# 1.0 0.6247~15!
0.1343 0.1358 0.1358 @9,24# 1.0 0.38363~78! @9,24# 1.3 0.6037~18!
0.1343 0.1343 0.1340 @9,24# 0.5 0.56738~62! @9,24# 0.7 0.7205~11!
0.1343 0.1343 0.1346 @9,24# 0.6 0.53775~63! @9,24# 0.7 0.6991~12!
0.1343 0.1343 0.1350 @9,24# 0.6 0.51735~64! @9,24# 0.7 0.6850~12!
0.1343 0.1343 0.1355 @9,24# 0.6 0.49109~67! @9,24# 0.8 0.6676~13!
0.1343 0.1343 0.1358 @9,24# 0.7 0.47473~68! @9,24# 0.9 0.6575~14!
0.1346 0.1340 0.1340 @9,24# 0.7 0.55142~68! @9,24# 2.4 0.6940~14!
0.1346 0.1343 0.1343 @9,24# 0.7 0.52143~69! @9,24# 2.2 0.6723~14!
0.1346 0.1346 0.1346 @9,24# 0.7 0.49020~71! @9,24# 2.0 0.6505~14!
0.1346 0.1350 0.1350 @9,24# 0.7 0.44611~74! @9,24# 1.7 0.6216~15!
0.1346 0.1355 0.1355 @9,24# 0.7 0.38534~80! @9,24# 1.6 0.5859~18!
0.1346 0.1358 0.1358 @9,24# 0.6 0.34391~86! @9,24# 1.8 0.5654~21!
0.1346 0.1346 0.1340 @9,24# 0.7 0.52145~69! @9,24# 2.2 0.6723~14!
0.1346 0.1346 0.1343 @9,24# 0.7 0.50599~70! @9,24# 2.1 0.6614~14!
0.1346 0.1346 0.1350 @9,24# 0.7 0.46857~72! @9,24# 1.8 0.6361~15!
0.1346 0.1346 0.1355 @9,24# 0.7 0.44043~74! @9,24# 1.8 0.6184~16!
0.1346 0.1346 0.1358 @9,24# 0.7 0.42278~76! @9,24# 1.9 0.6083~16!
0.1350 0.1340 0.1340 @10,24# 0.7 0.51024~48! @10,24# 0.6 0.6432~12!
0.1350 0.1343 0.1343 @10,24# 0.7 0.47915~50! @10,24# 0.6 0.6201~13!
0.1350 0.1346 0.1346 @10,24# 0.7 0.44662~52! @10,24# 0.5 0.5968~14!
0.1350 0.1350 0.1350 @10,24# 0.9 0.40037~55! @10,24# 0.4 0.5656~15!
0.1350 0.1355 0.1355 @10,24# 1.2 0.33560~59! @10,24# 0.6 0.5270~21!
0.1350 0.1358 0.1358 @10,24# 1.6 0.28996~69! @10,24# 0.9 0.5046~28!
0.1350 0.1350 0.1340 @10,24# 0.7 0.45773~52! @10,24# 0.5 0.6048~13!
0.1350 0.1350 0.1343 @10,24# 0.7 0.44109~53! @10,24# 0.5 0.5931~14!
0.1350 0.1350 0.1346 @10,24# 0.8 0.42399~54! @10,24# 0.5 0.5813~14!
0.1350 0.1350 0.1355 @10,24# 1.0 0.36926~57! @10,24# 0.5 0.5464~18!
0.1350 0.1350 0.1358 @10,24# 1.3 0.34947~59! @10,24# 0.6 0.5353~20!
0.1355 0.1340 0.1340 @10,24# 1.1 0.46084~54! @11,24# 1.2 0.5798~13!
0.1355 0.1343 0.1343 @10,24# 1.1 0.42809~56! @11,24# 1.3 0.5551~14!
0.1355 0.1346 0.1346 @10,24# 1.0 0.39354~57! @11,24# 1.3 0.5301~16!
0.1355 0.1350 0.1350 @10,24# 1.0 0.34367~61! @11,24# 1.2 0.4964~19!
0.1355 0.1355 0.1355 @10,24# 1.1 0.27133~72! @11,24# 0.9 0.4541~27!
0.1355 0.1358 0.1358 @10,24# 1.2 0.2160~10! @11,24# 0.8 0.4285~41!
0.1355 0.1355 0.1340 @10,24# 1.1 0.37591~61! @11,24# 1.3 0.5178~18!
0.1355 0.1355 0.1343 @10,24# 1.1 0.35701~62! @11,24# 1.3 0.5052~19!
0.1355 0.1355 0.1346 @10,24# 1.0 0.33730~63! @11,24# 1.2 0.4924~20!
0.1355 0.1355 0.1350 @10,24# 1.0 0.30947~66! @11,24# 1.1 0.4754~22!
0.1355 0.1355 0.1358 @10,24# 1.2 0.24554~81! @11,24# 0.8 0.4413~33!054502-37
AOKI et al. PHYSICAL REVIEW D 68, 054502 ~2003!TABLE XXXIV. Baryon masses on 203348 in N f52 full QCD.
Ksea Kval,1 Kval,2 Kval,3 @ tmin ,tmax# x2/NDF mS @ tmin ,tmax# x2/NDF mL @ tmin ,tmax# x2/NDF mdec
0.1340 0.1340 0.1340 0.1340 @10,24# 1.1 1.1566~26! – – – @10,24# 1.4 1.2492~36!
0.1340 0.1343 0.1343 0.1343 @10,24# 1.1 1.1202~26! – – – @10,24# 1.5 1.2175~37!
0.1340 0.1346 0.1346 0.1346 @10,24# 1.1 1.0831~26! – – – @10,24# 1.6 1.1856~40!
0.1340 0.1350 0.1350 0.1350 @10,24# 1.1 1.0325~27! – – – @10,24# 1.7 1.1428~45!
0.1340 0.1355 0.1355 0.1355 @10,24# 1.1 0.9666~28! – – – @10,24# 1.7 1.0890~54!
0.1340 0.1358 0.1358 0.1358 @10,24# 0.9 0.9255~31! – – – @10,24# 1.6 1.0561~63!
0.1340 0.1340 0.1340 0.1343 @10,24# 1.1 1.1436~26! @10,24# 1.1 1.1453~26! @10,24# 1.3 1.2360~36!
0.1340 0.1340 0.1340 0.1346 @10,24# 1.1 1.1305~26! @10,24# 1.1 1.1340~26! @10,24# 1.4 1.2253~37!
0.1340 0.1340 0.1340 0.1350 @10,24# 1.1 1.1127~26! @10,24# 1.1 1.1190~27! @10,24# 1.5 1.2110~38!
0.1340 0.1340 0.1340 0.1355 @10,24# 1.0 1.0898~27! @10,24# 1.2 1.1001~27! @10,24# 1.6 1.1931~40!
0.1340 0.1340 0.1340 0.1358 @10,24# 1.0 1.0757~27! @10,24# 1.3 1.0889~27! @10,24# 1.8 1.1824~42!
0.1340 0.1343 0.1343 0.1340 @10,24# 1.1 1.1332~26! @10,24# 1.1 1.1314~26! @10,24# 1.4 1.2254~37!
0.1340 0.1346 0.1346 0.1340 @10,24# 1.1 1.1097~26! @10,24# 1.1 1.1058~26! @10,24# 1.5 1.2041~38!
0.1340 0.1350 0.1350 0.1340 @10,24# 1.1 1.0781~27! @10,24# 1.1 1.0708~26! @10,24# 1.6 1.1756~41!
0.1340 0.1355 0.1355 0.1340 @10,24# 1.2 1.0383~27! @10,24# 1.0 1.0253~27! @10,24# 1.8 1.1399~46!
0.1340 0.1358 0.1358 0.1340 @10,24# 1.2 1.0141~28! @10,24# 1.0 0.9967~28! @10,24# 1.8 1.1184~51!
0.1343 0.1340 0.1340 0.1340 @10,24# 0.8 1.0996~22! – – – @10,24# 0.4 1.1897~28!
0.1343 0.1343 0.1343 0.1343 @10,24# 0.8 1.0626~23! – – – @10,24# 0.5 1.1583~29!
0.1343 0.1346 0.1346 0.1346 @10,24# 0.9 1.0248~24! – – – @10,24# 0.6 1.1270~31!
0.1343 0.1350 0.1350 0.1350 @10,24# 1.1 0.9728~26! – – – @10,24# 0.8 1.0850~35!
0.1343 0.1355 0.1355 0.1355 @10,24# 1.4 0.9038~30! – – – @10,24# 0.9 1.0329~43!
0.1343 0.1358 0.1358 0.1358 @10,24# 1.5 0.8583~40! – – – @10,24# 1.1 1.0038~53!
0.1343 0.1343 0.1343 0.1340 @10,24# 0.8 1.0760~23! @10,24# 0.8 1.0740~23! @10,24# 0.5 1.1664~28!
0.1343 0.1343 0.1343 0.1346 @10,24# 0.8 1.0490~23! @10,24# 0.8 1.0512~23! @10,24# 0.6 1.1452~29!
0.1343 0.1343 0.1343 0.1350 @10,24# 0.9 1.0305~24! @10,24# 0.8 1.0358~24! @10,24# 0.6 1.1311~30!
0.1343 0.1343 0.1343 0.1355 @10,24# 1.0 1.0067~24! @10,24# 0.8 1.0165~25! @10,24# 0.7 1.1135~32!
0.1343 0.1343 0.1343 0.1358 @10,24# 1.1 0.9917~26! @10,24# 0.9 1.0047~26! @10,24# 0.7 1.1032~34!
0.1343 0.1340 0.1340 0.1343 @10,24# 0.8 1.0864~22! @10,24# 0.8 1.0882~22! @10,24# 0.5 1.1768~28!
0.1343 0.1346 0.1346 0.1343 @10,24# 0.8 1.0386~24! @10,24# 0.9 1.0364~24! @10,24# 0.6 1.1348~30!
0.1343 0.1350 0.1350 0.1343 @10,24# 0.9 1.0063~25! @10,24# 1.0 1.0002~25! @10,24# 0.7 1.1067~32!
0.1343 0.1355 0.1355 0.1343 @10,24# 0.9 0.9652~27! @10,24# 1.5 0.9520~27! @10,24# 0.8 1.0718~37!
0.1343 0.1358 0.1358 0.1343 @10,24# 1.0 0.9398~31! @10,24# 2.0 0.9213~28! @10,24# 0.9 1.0518~41!
0.1346 0.1340 0.1340 0.1340 @11,24# 0.9 1.0414~27! – – – @11,24# 0.9 1.1256~40!
0.1346 0.1343 0.1343 0.1343 @11,24# 1.0 1.0033~29! – – – @11,24# 1.0 1.0926~42!
0.1346 0.1346 0.1346 0.1346 @11,24# 1.2 0.9644~31! – – – @11,24# 1.0 1.0594~44!
0.1346 0.1350 0.1350 0.1350 @11,24# 1.5 0.9107~35! – – – @11,24# 1.2 1.0151~49!
0.1346 0.1355 0.1355 0.1355 @11,24# 1.6 0.8393~42! – – – @11,24# 1.4 0.9617~60!
0.1346 0.1358 0.1358 0.1358 @11,24# 1.2 0.7934~46! – – – @11,24# 1.3 0.9335~71!
0.1346 0.1346 0.1346 0.1340 @11,24# 1.1 0.9925~30! @11,24# 1.1 0.9882~29! @11,24# 1.0 1.0794~42!
0.1346 0.1346 0.1346 0.1343 @11,24# 1.1 0.9786~30! @11,24# 1.1 0.9763~30! @11,24# 1.0 1.0682~43!
0.1346 0.1346 0.1346 0.1350 @11,24# 1.3 0.9450~32! @11,24# 1.2 0.9484~32! @11,24# 1.1 1.0419~45!
0.1346 0.1346 0.1346 0.1355 @11,24# 1.4 0.9199~35! @11,24# 1.3 0.9283~34! @11,24# 1.2 1.0233~48!
0.1346 0.1346 0.1346 0.1358 @11,24# 1.5 0.9042~37! @11,24# 1.2 0.9163~35! @11,24# 1.3 1.0126~50!
0.1346 0.1340 0.1340 0.1346 @11,24# 1.0 1.0141~28! @11,24# 1.0 1.0179~29! @11,24# 1.0 1.1015~41!
0.1346 0.1343 0.1343 0.1346 @11,24# 1.1 0.9894~29! @11,24# 1.1 0.9915~29! @11,24# 1.0 1.0792~42!
0.1346 0.1350 0.1350 0.1346 @11,24# 1.4 0.9306~33! @11,24# 1.4 0.9269~34! @11,24# 1.1 1.0271~47!
0.1346 0.1355 0.1355 0.1346 @11,24# 1.5 0.8878~36! @11,24# 1.5 0.8771~40! @11,24# 1.3 0.9906~53!
0.1346 0.1358 0.1358 0.1346 @11,24# 1.5 0.8618~39! @11,24# 1.4 0.8451~41! @11,24# 1.3 0.9702~58!054502-38
LIGHT HADRON SPECTROSCOPY WITH TWO FLAVORS . . . PHYSICAL REVIEW D 68, 054502 ~2003!TABLE XXXV. Meson masses on 123348 in quenched QCD.
Kval,1 Kval,2 @ tmin ,tmax# x2/NDF mPS @ tmin ,tmax# x2/NDF mV
0.13260 0.13260 @10,24# 0.6 0.4906~17! @10,24# 1.2 0.6079~43!
0.13290 0.13290 @10,24# 0.6 0.4616~18! @10,24# 1.3 0.5875~48!
0.13331 0.13331 @10,24# 0.7 0.4201~20! @10,24# 1.3 0.5606~58!
0.13384 0.13384 @10,24# 0.9 0.3620~24! @10,24# 1.2 0.5285~79!
0.13432 0.13432 @10,24# 1.0 0.3018~30! @10,24# 0.9 0.502~12!
0.13465 0.13465 @10,24# 0.9 0.2519~38! @10,24# 0.4 0.484~20!
0.13260 0.13290 @10,24# 0.6 0.4763~18! @10,24# 1.3 0.5977~45!
0.13260 0.13331 @10,24# 0.7 0.4562~19! @10,24# 1.3 0.5840~49!
0.13260 0.13384 @10,24# 0.8 0.4296~20! @10,24# 1.2 0.5669~56!
0.13260 0.13432 @10,24# 0.9 0.4048~23! @10,24# 1.0 0.5518~65!
0.13260 0.13465 @10,24# 1.1 0.3870~26! @10,24# 0.8 0.5396~79!
0.13290 0.13331 @10,24# 0.7 0.4412~19! @10,24# 1.3 0.5740~52!
0.13290 0.13384 @10,24# 0.8 0.4139~21! @10,24# 1.2 0.5571~60!
0.13290 0.13432 @10,24# 0.9 0.3884~24! @10,24# 1.1 0.5422~70!
0.13290 0.13465 @10,24# 1.0 0.3700~27! @10,24# 0.8 0.5302~85!
0.13331 0.13384 @10,24# 0.8 0.3919~22! @10,24# 1.3 0.5442~67!
0.13331 0.13432 @10,24# 1.0 0.3651~25! @10,24# 1.1 0.5297~80!
0.13331 0.13465 @10,24# 1.0 0.3458~28! @10,24# 0.8 0.5180~96!
0.13384 0.13432 @10,24# 1.0 0.3332~27! @10,24# 1.0 0.5147~97!
0.13384 0.13465 @10,24# 1.0 0.3121~30! @10,24# 0.7 0.504~12!
0.13432 0.13465 @10,24# 0.9 0.2782~33! @10,24# 0.6 0.492~15!
TABLE XXXIV. ~Continued!.
Ksea Kval,1 Kval,2 Kval,3 @ tmin ,tmax# x2/NDF mS @ tmin ,tmax# x2/NDF mL @ tmin ,tmax# x2/NDF mdec
0.1350 0.1340 0.1340 0.1340 @11,24# 1.2 0.9643~21! – – – @11,24# 0.6 1.0408~29!
0.1350 0.1343 0.1343 0.1343 @11,24# 1.1 0.9242~22! – – – @11,24# 0.7 1.0065~31!
0.1350 0.1346 0.1346 0.1346 @11,24# 0.9 0.8828~23! – – – @11,24# 0.8 0.9721~33!
0.1350 0.1350 0.1350 0.1350 @11,24# 0.7 0.8252~26! – – – @11,24# 0.9 0.9266~37!
0.1350 0.1355 0.1355 0.1355 @11,24# 0.7 0.7484~34! – – – @11,24# 1.1 0.8733~54!
0.1350 0.1358 0.1358 0.1358 @11,24# 0.9 0.6988~53! – – – @11,24# 1.3 0.8458~82!
0.1350 0.1350 0.1350 0.1340 @11,24# 0.9 0.8773~25! @11,24# 0.7 0.8684~22! @11,24# 0.9 0.9624~34!
0.1350 0.1350 0.1350 0.1343 @11,24# 0.8 0.8621~25! @11,24# 0.7 0.8556~23! @11,24# 1.0 0.9507~35!
0.1350 0.1350 0.1350 0.1346 @11,24# 0.8 0.8466~25! @11,24# 0.7 0.8427~24! @11,24# 1.0 0.9390~36!
0.1350 0.1350 0.1350 0.1355 @11,24# 0.7 0.7973~27! @11,24# 0.6 0.8030~28! @11,24# 1.2 0.9048~41!
0.1350 0.1350 0.1350 0.1358 @11,24# 0.8 0.7799~29! @11,24# 0.7 0.7894~31! @11,24# 1.3 0.8944~46!
0.1350 0.1340 0.1340 0.1350 @11,24# 0.9 0.9155~21! @11,24# 1.1 0.9229~23! @11,24# 0.8 1.0004~32!
0.1350 0.1343 0.1343 0.1350 @11,24# 0.8 0.8890~22! @11,24# 1.0 0.8947~24! @11,24# 0.9 0.9772~33!
0.1350 0.1346 0.1346 0.1350 @11,24# 0.8 0.8620~23! @11,24# 0.8 0.8656~24! @11,24# 0.9 0.9541~34!
0.1350 0.1355 0.1355 0.1350 @11,24# 0.6 0.7778~30! @11,24# 0.7 0.7713~30! @11,24# 1.2 0.8871~47!
0.1350 0.1358 0.1358 0.1350 @11,24# 0.7 0.7483~37! @11,24# 1.1 0.7371~39! @11,24# 1.4 0.8676~60!
0.1355 0.1340 0.1340 0.1340 @11,24# 1.8 0.8730~22! – – – @11,24# 1.2 0.9452~28!
0.1355 0.1343 0.1343 0.1343 @11,24# 1.6 0.8312~24! – – – @11,24# 1.1 0.9090~30!
0.1355 0.1346 0.1346 0.1346 @11,24# 1.4 0.7882~26! – – – @11,24# 1.1 0.8725~32!
0.1355 0.1350 0.1350 0.1350 @11,24# 1.3 0.7286~28! – – – @11,24# 1.1 0.8237~39!
0.1355 0.1355 0.1355 0.1355 @11,24# 1.4 0.6468~36! – – – @11,24# 1.3 0.7664~65!
0.1355 0.1358 0.1358 0.1358 @11,24# 1.1 0.5910~59! – – – @11,24# 1.3 0.736~11!
0.1355 0.1355 0.1355 0.1340 @11,24# 1.1 0.7371~28! @11,24# 1.2 0.7172~28! @11,24# 1.3 0.8237~42!
0.1355 0.1355 0.1355 0.1343 @11,24# 1.1 0.7204~29! @11,24# 1.2 0.7036~29! @11,24# 1.3 0.8112~44!
0.1355 0.1355 0.1355 0.1346 @11,24# 1.1 0.7032~30! @11,24# 1.3 0.6898~30! @11,24# 1.3 0.7987~47!
0.1355 0.1355 0.1355 0.1350 @11,24# 1.2 0.6791~31! @11,24# 1.3 0.6711~32! @11,24# 1.3 0.7821~52!
0.1355 0.1355 0.1355 0.1358 @11,24# 1.4 0.6262~40! @11,24# 1.2 0.6311~41! @11,24# 1.5 0.7510~75!
0.1355 0.1340 0.1340 0.1355 @11,24# 1.6 0.7959~25! @11,24# 1.2 0.8083~26! @11,24# 1.1 0.8836~32!
0.1355 0.1343 0.1343 0.1355 @11,24# 1.6 0.7676~26! @11,24# 1.2 0.7789~27! @11,24# 1.1 0.8589~34!
0.1355 0.1346 0.1346 0.1355 @11,24# 1.5 0.7387~27! @11,24# 1.2 0.7485~27! @11,24# 1.1 0.8341~37!
0.1355 0.1350 0.1350 0.1355 @11,24# 1.4 0.6990~29! @11,24# 1.2 0.7057~29! @11,24# 1.2 0.8012~44!
0.1355 0.1358 0.1358 0.1355 @11,24# 1.2 0.6125~48! @11,24# 1.2 0.6073~49! @11,24# 1.4 0.7404~89!054502-39
AOKI et al. PHYSICAL REVIEW D 68, 054502 ~2003!TABLE XXXVI. Baryon masses on 123348 in quenched QCD.
Kval,1 Kval,2 Kval,3 @ tmin ,tmax# x2/NDF mS @ tmin ,tmax# x2/NDF mL @ tmin ,tmax# x2/NDF mdec
0.13260 0.13260 0.13260 @11,24# 0.7 0.9394~76! – – – @11,24# 0.7 1.014~11!
0.13260 0.13260 0.13290 @11,24# 0.7 0.9264~79! @11,24# 0.7 0.9294~78! @11,24# 0.7 1.003~11!
0.13260 0.13260 0.13331 @11,24# 0.8 0.9083~86! @11,24# 0.8 0.9159~83! @11,24# 0.7 0.989~12!
0.13260 0.13260 0.13384 @11,24# 0.9 0.8841~98! @11,24# 0.9 0.8983~94! @11,24# 0.7 0.970~13!
0.13260 0.13260 0.13432 @11,24# 1.1 0.861~12! @11,24# 0.9 0.882~11! @11,24# 0.8 0.952~14!
0.13260 0.13260 0.13465 @11,24# 1.4 0.841~14! @11,24# 0.8 0.869~13! @11,24# 1.0 0.937~16!
0.13290 0.13290 0.13260 @11,24# 0.8 0.9180~81! @11,24# 0.7 0.9148~82! @11,24# 0.7 0.993~12!
0.13290 0.13290 0.13290 @11,24# 0.8 0.9048~85! – – – @11,24# 0.7 0.984~12!
0.13290 0.13290 0.13331 @11,24# 0.9 0.8865~92! @11,24# 0.9 0.8911~90! @11,24# 0.7 0.969~13!
0.13290 0.13290 0.13384 @11,24# 1.0 0.862~10! @11,24# 0.9 0.873~10! @11,24# 0.7 0.950~14!
0.13290 0.13290 0.13432 @11,24# 1.2 0.838~12! @11,24# 0.9 0.857~12! @11,24# 0.7 0.931~15!
0.13290 0.13290 0.13465 @11,24# 1.5 0.818~15! @11,24# 0.8 0.843~14! @11,24# 0.9 0.916~18!
0.13331 0.13331 0.13260 @11,24# 0.9 0.8884~92! @11,24# 0.9 0.8804~95! @11,24# 0.7 0.965~13!
0.13331 0.13331 0.13290 @11,24# 0.9 0.8750~96! @11,24# 0.9 0.8703~98! @11,24# 0.6 0.955~13!
0.13331 0.13331 0.13331 @11,24# 1.0 0.856~10! – – – @11,24# 0.6 0.942~14!
0.13331 0.13331 0.13384 @11,24# 1.1 0.831~12! @11,24# 1.0 0.838~12! @11,24# 0.6 0.922~15!
0.13331 0.13331 0.13432 @11,24# 1.2 0.806~14! @11,24# 1.0 0.821~14! @11,24# 0.7 0.903~17!
0.13331 0.13331 0.13465 @11,24# 1.6 0.784~17! @11,24# 0.8 0.806~16! @11,24# 0.8 0.887~20!
0.13384 0.13384 0.13260 @11,24# 1.0 0.849~12! @11,24# 1.1 0.834~13! @11,24# 0.6 0.927~15!
0.13384 0.13384 0.13290 @11,24# 1.0 0.835~12! @11,24# 1.1 0.824~13! @11,24# 0.6 0.917~16!
0.13384 0.13384 0.13331 @11,24# 1.0 0.816~13! @11,24# 1.1 0.809~13! @11,24# 0.6 0.903~16!
0.13384 0.13384 0.13384 @11,24# 1.0 0.789~14! – – – @11,24# 0.7 0.887~18!
0.13384 0.13384 0.13432 @11,24# 1.1 0.762~17! @11,24# 0.9 0.771~17! @11,24# 0.7 0.866~21!
0.13384 0.13384 0.13465 @11,24# 1.4 0.736~21! @11,24# 0.8 0.755~21! @11,24# 0.8 0.849~25!
0.13432 0.13432 0.13260 @11,24# 0.9 0.810~16! @11,24# 1.4 0.788~19! @11,24# 0.6 0.890~20!
0.13432 0.13432 0.13290 @11,24# 0.9 0.795~16! @11,24# 1.3 0.777~19! @11,24# 0.6 0.880~21!
0.13432 0.13432 0.13331 @11,24# 0.9 0.775~18! @11,24# 1.2 0.761~19! @11,24# 0.6 0.866~22!
0.13432 0.13432 0.13384 @11,24# 0.9 0.747~20! @11,24# 1.0 0.738~21! @11,24# 0.7 0.848~23!
0.13432 0.13432 0.13432 @11,24# 0.8 0.716~25! – – – @11,24# 0.8 0.832~27!
0.13432 0.13432 0.13465 @11,24# 0.9 0.682~33! @11,24# 0.7 0.695~32! @11,24# 0.8 0.810~31!
0.13465 0.13465 0.13260 @11,24# 1.1 0.774~22! @11,24# 1.0 0.746~36! @11,24# 0.5 0.858~28!
0.13465 0.13465 0.13290 @11,24# 1.1 0.758~23! @11,24# 1.1 0.733~35! @11,24# 0.6 0.848~28!
0.13465 0.13465 0.13331 @11,24# 1.0 0.735~25! @11,24# 1.1 0.713~34! @11,24# 0.6 0.833~29!
0.13465 0.13465 0.13384 @11,24# 0.9 0.703~30! @11,24# 1.0 0.683~37! @11,24# 0.7 0.813~31!
0.13465 0.13465 0.13432 @11,24# 0.7 0.665~40! @11,24# 0.8 0.653~44! @11,24# 0.8 0.794~34!
0.13465 0.13465 0.13465 @11,24# 0.6 0.633~55! – – – @11,24# 1.0 0.784~38!ms
MS~2 GeV!584.5~ 21.7112.0!, ~86!
ms /mud526.13~ 20.02
13.65!, ~87!






ms /mud525.90~ 20.1315.98!, ~90!054502in quenched QCD using one-loop matching. The scaling vio-
lation is expected to be small and hence is ignored here. This
point, however, should be checked in future studies.
There is an additional uncertainty arising from the use of
the perturbative value for cA , ZA ,P , and bA ,P . Comparing
the quenched result of Eqs. ~88!–~90! with those obtained by
the non-perturbative matching given by
mud
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Kval,1 Kval,2 @ tmin ,tmax# x2/NDF mPS @ tmin ,tmax# x2/NDF mV
0.13260 0.13260 @10,24# 0.6 0.48454~94! @10,24# 1.3 0.6024~20!
0.13290 0.13290 @10,24# 0.6 0.45480~97! @10,24# 1.3 0.5805~23!
0.13331 0.13331 @10,24# 0.6 0.4119~10! @10,24# 1.2 0.5506~27!
0.13384 0.13384 @10,24# 0.6 0.3511~12! @10,24# 1.1 0.5121~36!
0.13432 0.13432 @10,24# 0.9 0.2871~15! @10,24# 0.9 0.4778~55!
0.13465 0.13465 @10,24# 1.3 0.2332~23! @10,24# 0.6 0.4531~88!
0.13260 0.13290 @10,24# 0.6 0.46982~95! @10,24# 1.3 0.5915~21!
0.13260 0.13331 @10,24# 0.5 0.44919~99! @10,24# 1.3 0.5766~23!
0.13260 0.13384 @10,24# 0.5 0.4216~10! @10,24# 1.2 0.5574~27!
0.13260 0.13432 @10,24# 0.6 0.3956~12! @10,24# 1.2 0.5405~32!
0.13260 0.13465 @10,24# 0.6 0.3775~14! @10,24# 1.0 0.5291~38!
0.13290 0.13331 @10,24# 0.5 0.4337~10! @10,24# 1.3 0.5656~25!
0.13290 0.13384 @10,24# 0.5 0.4054~11! @10,24# 1.2 0.5464~28!
0.13290 0.13432 @10,24# 0.6 0.3786~12! @10,24# 1.1 0.5294~34!
0.13290 0.13465 @10,24# 0.7 0.3597~14! @10,24# 1.0 0.5180~40!
0.13331 0.13384 @10,24# 0.6 0.3825~11! @10,24# 1.1 0.5314~31!
0.13331 0.13432 @10,24# 0.7 0.3543~12! @10,24# 1.1 0.5143~37!
0.13331 0.13465 @10,24# 0.7 0.3343~14! @10,24# 1.0 0.5029~45!
0.13384 0.13432 @10,24# 0.7 0.3206~13! @10,24# 1.0 0.4950~44!
0.13384 0.13465 @10,24# 0.8 0.2986~16! @10,24# 0.9 0.4835~53!
0.13432 0.13465 @10,24# 0.9 0.2625~19! @10,24# 0.8 0.4663~68!we observe a systematic error of about 13%. In quenched
QCD the non-perturbative estimate of ZA /ZP51.19 is very
close to that in one-loop perturbation theory, 1.22, since
higher order corrections in ZA and ZP partially cancel each
other. The non-perturbative value bA2bP50.171 deviates
significantly from that at one loop, 20.011. The O(amq)
term, however, is a small correction in our data. Most of the
13% difference originates from the large deviation between
the non-perturbative value cA520.083 in Ref. @35# and its
one-loop value 20.013. Therefore, a non-perturbative deter-
mination of cA in full QCD is an important task toward a
more precise calculation of the quark masses in future stud-
ies.
In Fig. 45, we compare the quark masses in full and
quenched QCD. The chief observation is that sea quark ef-
fects reduce the light and strange quark masses by about
20%. The magnitude of the sea quark effect is roughly con-
sistent with the CP-PACS observation in Refs. @10,11#.
The quark mass ratio ms /mud in full QCD is consistent
with the quenched value, because the sea quark effects in
mud and ms almost cancel with each other in the ratio. We
note that ms /mud.26 is in good agreement with the estimate
of one-loop chiral perturbation theory, 24.4~1.5! @61#.
Another important observation is that the deviation in ms
between K and f inputs is reduced by the effects of sea
quarks: the deviation is 21% (.24 MeV) in quenched QCD
and 13% (.12 MeV) in full QCD. This reflects the closer
agreement of the meson spectrum in full QCD with experi-054502ment. The remaining deviation may be attributed to quench-
ing of strange quarks and scaling violation.
IX. CONCLUSIONS
In this paper we have presented a high statistics study of
the hadron spectrum and quark masses in two-flavor QCD
using the plaquette gauge action and the fully
O(a)-improved Wilson quark action. We find firm evidence
of sea quark effects at the simulated quark masses: The
slopes dmV /dmPS
2 and dmdec /dmPS
2 are larger than in
quenched QCD and the J parameter increases for lighter sea
quarks. These findings do not suffer from systematic errors
arising from the chiral extrapolation with respect to the sea
quark mass, which is a major uncertainty particularly in re-
cent studies with the Wilson-type quark action. Note that the
use of a volume La>1.8 fm at smaller sea quark masses
mPS,sea /mV,sea.0.6–0.7 is an important factor to control
finite-size errors and in reaching our observations.
The sea quark effect observed at the simulated quark
masses means that the strange meson and baryon masses in
full QCD show better agreement with experiment than in
quenched QCD. A similar reduction of quenching errors is
also observed in the ratio f K / f p . We also find that the sea
quark effects lead to about a 20% reduction of quark masses.
For baryons finite-size effects are large for the volume we
used, which render sea quark effects unclear for lighter bary-
ons. Further investigations of larger spatial volumes, of the-41
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Kval,1 Kval,2 Kval,3 @ tmin ,tmax# x2/NDF mS @ tmin ,tmax# x2/NDF mL @ tmin ,tmax# x2/NDF mdec
0.13260 0.13260 0.13260 @11,24# 0.9 0.9081~44! – – – @11,24# 1.7 0.9865~55!
0.13260 0.13260 0.13290 @11,24# 0.9 0.8948~45! @11,24# 0.9 0.8969~45! @11,24# 1.7 0.9746~56!
0.13260 0.13260 0.13331 @11,24# 0.9 0.8762~46! @11,24# 0.9 0.8817~47! @11,24# 1.7 0.9602~59!
0.13260 0.13260 0.13384 @11,24# 0.8 0.8512~49! @11,24# 0.9 0.8622~51! @11,24# 1.7 0.9415~64!
0.13260 0.13260 0.13432 @11,24# 0.7 0.8273~56! @11,24# 0.9 0.8454~56! @11,24# 1.8 0.9247~72!
0.13260 0.13260 0.13465 @11,24# 0.6 0.8107~67! @11,24# 0.8 0.8351~65! @11,24# 1.6 0.9146~86!
0.13290 0.13290 0.13260 @11,24# 0.9 0.8847~46! @11,24# 0.9 0.8824~46! @11,24# 1.7 0.9642~58!
0.13290 0.13290 0.13290 @11,24# 0.9 0.8712~47! – – – @11,24# 1.7 0.9549~60!
0.13290 0.13290 0.13331 @11,24# 0.9 0.8523~48! @11,24# 0.9 0.8559~49! @11,24# 1.7 0.9388~63!
0.13290 0.13290 0.13384 @11,24# 0.8 0.8266~52! @11,24# 0.9 0.8363~53! @11,24# 1.7 0.9197~69!
0.13290 0.13290 0.13432 @11,24# 0.7 0.8019~61! @11,24# 0.9 0.8192~59! @11,24# 1.6 0.9025~78!
0.13290 0.13290 0.13465 @11,24# 0.6 0.7849~73! @11,24# 0.8 0.8086~69! @11,24# 1.5 0.8922~94!
0.13331 0.13331 0.13260 @11,24# 0.9 0.8526~50! @11,24# 0.9 0.8461~49! @11,24# 1.7 0.9351~64!
0.13331 0.13331 0.13290 @11,24# 0.9 0.8388~51! @11,24# 0.9 0.8348~51! @11,24# 1.7 0.9242~67!
0.13331 0.13331 0.13331 @11,24# 0.9 0.8193~53! – – – @11,24# 1.6 0.9108~72!
0.13331 0.13331 0.13384 @11,24# 0.8 0.7925~59! @11,24# 0.9 0.7994~58! @11,24# 1.6 0.8893~78!
0.13331 0.13331 0.13432 @11,24# 0.7 0.7665~70! @11,24# 0.9 0.7819~66! @11,24# 1.4 0.8715~91!
0.13331 0.13331 0.13465 @11,24# 0.7 0.7490~84! @11,24# 0.8 0.7706~78! @11,24# 1.3 0.861~11!
0.13384 0.13384 0.13260 @11,24# 0.9 0.8111~58! @11,24# 0.7 0.7954~60! @11,24# 1.6 0.8969~78!
0.13384 0.13384 0.13290 @11,24# 0.9 0.7967~60! @11,24# 0.8 0.7838~62! @11,24# 1.5 0.8855~82!
0.13384 0.13384 0.13331 @11,24# 0.9 0.7761~64! @11,24# 0.8 0.7680~66! @11,24# 1.4 0.8697~88!
0.13384 0.13384 0.13384 @11,24# 0.9 0.7475~74! – – – @11,24# 1.3 0.852~10!
0.13384 0.13384 0.13432 @11,24# 0.8 0.7195~90! @11,24# 0.9 0.7294~85! @11,24# 1.2 0.831~12!
0.13384 0.13384 0.13465 @11,24# 0.8 0.701~11! @11,24# 0.9 0.717~10! @11,24# 1.1 0.821~15!
0.13432 0.13432 0.13260 @11,24# 1.0 0.7749~75! @11,24# 0.7 0.7442~84! @11,24# 1.3 0.862~11!
0.13432 0.13432 0.13290 @11,24# 1.0 0.7596~79! @11,24# 0.7 0.7324~88! @11,24# 1.2 0.851~11!
0.13432 0.13432 0.13331 @11,24# 1.0 0.7376~86! @11,24# 0.7 0.7161~95! @11,24# 1.1 0.834~13!
0.13432 0.13432 0.13384 @11,24# 0.9 0.707~10! @11,24# 0.8 0.695~11! @11,24# 1.0 0.814~15!
0.13432 0.13432 0.13432 @11,24# 0.9 0.677~13! – – – @11,24# 1.0 0.800~18!
0.13432 0.13432 0.13465 @11,24# 0.9 0.656~16! @11,24# 1.0 0.665~16! @11,24# 1.0 0.786~22!
0.13465 0.13465 0.13260 @11,24# 0.9 0.754~11! @11,24# 0.8 0.707~12! @11,24# 1.1 0.844~17!
0.13465 0.13465 0.13290 @11,24# 0.9 0.738~11! @11,24# 0.8 0.695~12! @11,24# 1.0 0.832~17!
0.13465 0.13465 0.13331 @11,24# 1.0 0.715~13! @11,24# 0.8 0.679~13! @11,24# 1.0 0.815~19!
0.13465 0.13465 0.13384 @11,24# 1.1 0.682~15! @11,24# 0.9 0.658~15! @11,24# 0.9 0.795~23!
0.13465 0.13465 0.13432 @11,24# 1.1 0.650~19! @11,24# 1.0 0.638~18! @11,24# 0.9 0.778~29!
0.13465 0.13465 0.13465 @11,24# 1.1 0.623~23! – – – @11,24# 0.9 0.776~40!
TABLE XXXIX. Meson masses on 203348 in quenched QCD.
Kval,1 Kval,2 @ tmin ,tmax# x2/NDF mPS @ tmin ,tmax# x2/NDF mV
0.13260 0.13260 @10,24# 0.7 0.48376~66! @10,24# 1.0 0.6008~16!
0.13290 0.13290 @10,24# 0.6 0.45385~69! @10,24# 1.0 0.5790~18!
0.13331 0.13331 @10,24# 0.4 0.41066~74! @10,24# 1.0 0.5492~21!
0.13384 0.13384 @10,24# 0.5 0.34897~96! @10,24# 1.1 0.5117~29!
0.13432 0.13432 @10,24# 0.6 0.2845~11! @10,24# 0.9 0.4773~43!
0.13465 0.13465 @10,24# 0.9 0.2296~15! @10,24# 1.0 0.4566~74!
0.13260 0.13290 @10,24# 0.6 0.46895~67! @10,24# 1.0 0.5899~17!
0.13260 0.13331 @10,24# 0.5 0.44819~70! @10,24# 1.0 0.5751~18!
0.13260 0.13384 @10,24# 0.4 0.42006~80! @10,24# 1.0 0.5564~21!
0.13260 0.13432 @10,24# 0.4 0.39385~85! @10,24# 1.0 0.5399~25!
0.13260 0.13465 @10,24# 0.4 0.37486~97! @10,24# 1.3 0.5299~29!
0.13290 0.13331 @10,24# 0.5 0.43262~71! @10,24# 1.0 0.5641~19!
0.13290 0.13384 @10,24# 0.3 0.40370~84! @10,24# 1.0 0.5454~22!
0.13290 0.13432 @10,24# 0.4 0.37669~87! @10,24# 1.1 0.5288~26!
0.13290 0.13465 @10,24# 0.4 0.35697~99! @10,24# 1.2 0.5188~31!
0.13331 0.13384 @10,24# 0.4 0.38048~90! @10,24# 1.1 0.5304~24!
0.13331 0.13432 @10,24# 0.3 0.35215~91! @10,24# 1.0 0.5136~29!
0.13331 0.13465 @10,24# 0.5 0.3312~10! @10,24# 1.2 0.5036~35!
0.13384 0.13432 @10,24# 0.4 0.31839~97! @10,24# 1.0 0.4944~35!
0.13384 0.13465 @10,24# 0.6 0.2952~11! @10,24# 1.1 0.4845~42!
0.13432 0.13465 @10,24# 0.8 0.2582~12! @10,24# 0.9 0.4669~55!054502-42
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Kval,1 Kval,2 Kval,3 @ tmin ,tmax# x2/NDF mS @ tmin ,tmax# x2/NDF mL @ tmin ,tmax# x2/NDF mdec
0.13260 0.13260 0.13260 @11,24# 1.1 0.9001~27! – – – @11,24# 0.7 0.9765~44!
0.13260 0.13260 0.13290 @11,24# 1.1 0.8866~27! @11,24# 1.1 0.8885~27! @11,24# 0.7 0.9643~45!
0.13260 0.13260 0.13331 @11,24# 1.1 0.8678~28! @11,24# 1.1 0.8727~28! @11,24# 0.7 0.9501~47!
0.13260 0.13260 0.13384 @11,24# 0.9 0.8429~31! @11,24# 1.1 0.8525~31! @11,24# 0.8 0.9323~51!
0.13260 0.13260 0.13432 @11,24# 0.8 0.8192~34! @11,24# 0.9 0.8342~35! @11,24# 1.0 0.9173~55!
0.13260 0.13260 0.13465 @11,24# 0.6 0.8047~39! @11,24# 0.8 0.8240~42! @11,24# 1.3 0.9087~63!
0.13290 0.13290 0.13260 @11,24# 1.1 0.8759~28! @11,24# 1.1 0.8739~28! @11,24# 0.7 0.9539~46!
0.13290 0.13290 0.13290 @11,24# 1.1 0.8622~29! – – – @11,24# 0.7 0.9453~48!
0.13290 0.13290 0.13331 @11,24# 1.0 0.8431~30! @11,24# 1.1 0.8462~30! @11,24# 0.7 0.9292~50!
0.13290 0.13290 0.13384 @11,24# 0.9 0.8177~33! @11,24# 1.1 0.8258~33! @11,24# 0.7 0.9114~54!
0.13290 0.13290 0.13432 @11,24# 0.7 0.7933~36! @11,24# 0.9 0.8072~38! @11,24# 0.9 0.8963~58!
0.13290 0.13290 0.13465 @11,24# 0.6 0.7788~41! @11,24# 0.8 0.7969~46! @11,24# 1.1 0.8872~67!
0.13331 0.13331 0.13260 @11,24# 1.1 0.8426~31! @11,24# 1.0 0.8370~31! @11,24# 0.7 0.9257~51!
0.13331 0.13331 0.13290 @11,24# 1.1 0.8286~32! @11,24# 1.0 0.8251~32! @11,24# 0.7 0.9152~52!
0.13331 0.13331 0.13331 @11,24# 1.0 0.8088~34! – – – @11,24# 0.7 0.9035~55!
0.13331 0.13331 0.13384 @11,24# 0.9 0.7827~36! @11,24# 1.0 0.7880~37! @11,24# 0.7 0.8833~59!
0.13331 0.13331 0.13432 @11,24# 0.7 0.7572~41! @11,24# 0.8 0.7688~44! @11,24# 0.8 0.8681~65!
0.13331 0.13331 0.13465 @11,24# 0.6 0.7427~47! @11,24# 0.7 0.7583~51! @11,24# 0.9 0.8584~75!
0.13384 0.13384 0.13260 @11,24# 1.1 0.7995~38! @11,24# 0.9 0.7861~36! @11,24# 0.7 0.8907~59!
0.13384 0.13384 0.13290 @11,24# 1.0 0.7849~39! @11,24# 0.9 0.7739~38! @11,24# 0.7 0.8802~61!
0.13384 0.13384 0.13331 @11,24# 1.0 0.7643~42! @11,24# 0.9 0.7570~40! @11,24# 0.7 0.8660~65!
0.13384 0.13384 0.13384 @11,24# 1.0 0.7348~46! – – – @11,24# 0.6 0.8519~73!
0.13384 0.13384 0.13432 @11,24# 0.7 0.7099~57! @11,24# 0.9 0.7153~55! @11,24# 0.7 0.8331~81!
0.13384 0.13384 0.13465 @11,24# 0.7 0.6959~63! @11,24# 0.8 0.7042~63! @11,24# 0.7 0.8226~97!
0.13432 0.13432 0.13260 @11,24# 0.8 0.7595~53! @11,24# 0.6 0.7354~58! @11,24# 0.8 0.8610~74!
0.13432 0.13432 0.13290 @11,24# 0.7 0.7442~55! @11,24# 0.6 0.7227~61! @11,24# 0.8 0.8503~77!
0.13432 0.13432 0.13331 @11,24# 0.7 0.7225~58! @11,24# 0.7 0.7052~65! @11,24# 0.7 0.8359~83!
0.13432 0.13432 0.13384 @11,24# 0.7 0.6937~65! @11,24# 0.7 0.6830~71! @11,24# 0.7 0.8180~96!
0.13432 0.13432 0.13432 @11,24# 0.8 0.6631~75! – – – @11,24# 0.7 0.807~12!
0.13432 0.13432 0.13465 @11,24# 0.8 0.6501~82! @11,24# 0.7 0.6521~84! @11,24# 0.8 0.790~14!
0.13465 0.13465 0.13260 @11,24# 0.5 0.7368~71! @11,24# 0.5 0.7105~78! @11,24# 0.8 0.841~10!
0.13465 0.13465 0.13290 @11,24# 0.5 0.7214~73! @11,24# 0.5 0.6987~82! @11,24# 0.7 0.830~11!
0.13465 0.13465 0.13331 @11,24# 0.5 0.6997~77! @11,24# 0.5 0.6822~88! @11,24# 0.7 0.815~12!
0.13465 0.13465 0.13384 @11,24# 0.4 0.6710~87! @11,24# 0.5 0.6605~99! @11,24# 0.8 0.797~14!
0.13465 0.13465 0.13432 @11,24# 0.6 0.642~10! @11,24# 0.6 0.638~11! @11,24# 0.9 0.780~18!
0.13465 0.13465 0.13465 @11,24# 0.5 0.627~14! – – – @11,24# 1.1 0.775~23!order of 3 fm at the lightest sea quark mass, are needed to
observe sea quark effects in the light baryons.
The present work is carried out at a single lattice spacing
of a2152.221(28) GeV. The O(a)-improved Wilson quark
action we employed is designed to have reduced scaling vio-
lation, and experiences in quenched QCD @62# support this
expectation. Nonetheless, a scaling study of both the hadron
spectrum and quark masses with this action is needed to
establish the sea quark effects in the spectral quantities on a
quantitative basis.
Another important subject in future is simulations at much
lighter sea quark mass, in particular below the r→pp
threshold. Such simulations will lead to better control of the
chiral extrapolation. This would also give insight into the
chiral logarithmic singularity in the PS meson mass and de-
cay constant, which we have not observed in our data.054502ACKNOWLEDGMENTS
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APPENDIX: HADRON MASSES
Measured hadron masses are summarized in Tables
XXIX–XXXIV for full QCD and in Tables XXXV–XL for
quenched QCD. Our choice of the fitting range and resulting
value of x2/NDF are also shown in these tables.-43
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